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In various surveys, presence of measurement elasded to misleading results in
estimation of various population parameters. Thisdg indicates the effects of
measurement errors on estimates of population ttal population variance when
samples are drawn using systematic sampling tecierfiegm a stratified population.
A finite population was generated through simulati@he population was then
stratified into four strata followed by generatiofiten samples in each of them using
systematic sampling technique. In each stratunmapéawas picked at random. The
findings of this work indicated that systematicoesr affected the accuracy of the
estimates by overestimating both the populatioal tathd the population variance.
Random errors only added variability to the datd their effect on the estimates of
the population total and population variance was that profound.
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1. Introduction

The ultimate goal of each survey is to obtain infation about the population under study. The theory
of sample survey as developed during the past akedecades provides us with various kinds of sifient
tools for drawing samples and making valid infeeeabout the population parameters of interest. Aliog
to Koninj (1973), in measurement of physical qusegithe personnel and devices that we have tonase
not give as precise measurements as the bestldeaildeasurement errors cannot be completely etitaih
but minimized to an extent which their effects anvey results are not that profound. Basic contiiins to
the methodology of measurement error models werengby Mahalanobis (1946), Hansen (1946) and
Sukhatme and Seth (1952) have examined the quedtrmm sampling errors in census and survey wodk a
they have furnished mathematical models for suobr&rThe objective of this study was to investgdie
effects of measurement errors on the estimatesmilption total and population variance when sample
drawn from a stratified population using systemaampling technique. The contribution of this stislyo
establish more weight as to why systematic erfoosisl be minimized if at all valid results are dbtained.
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2. Systematic sampling

This is a sample selection technique in which semmmbers are selected from a given population
according to a random starting point and a fixedoge interval. Systematic sampling is still thanigpf as
being random, as long as the periodic intervakignined beforehand and the starting point isoandA
common way of selecting members into the samplegusystematic sampling is simply by dividing th&ato
number of units in the population by the desirednber of units for the sample. The result of the
division serves as the marker for selecting sampits from within the given population. Systematenpling
is to be applied only when the given populatiologgcally homogeneous because systematic samptie anai
uniformly distributed over the population. In sogases systematic sampling is preferred since éesisrthe
sample more evenly over the population and easieoriduct.

Table 1. Composition of the k systematic samples.

Sample no. 1 2 [ K
% Y Y, v,
yk+1 yk+2 "' yk+i y2k
y(n—l) k+1 y(n_l) K+2 e y(n—l) (i3 . ynk

Means - - .. - . -
yl yz yi yk

2.1. Stratified Systematic sampling.

This is whereby the finite population under studydivided into relatively homogeneous groups
referred to as strata and then systematic samglicgrried out in each stratum to generate samples.

Notations:
N, - Total number of units in stratumwhere {h =1, 2, ..., H}

n,- Number of units in a sample drawn from stratum
M. - The true value of th&" unit in stratunh,

Y, - is the observed value of the" in stratumh.
Note thatN = N, + N, +........ + N,

3. Sampling design

In the theory of finite population sampling, a sdimgp design specifies for every possible sample its
probability of being drawn. It is convenient to kaspecial notation for this probability which inglcase will
be P(s).

In other words we assume there is a function Buch that P(s) gives the probability of selecting
specified samples under the scheme in use. Th&darte (.) will be referred to as sampling design.

4. The Simple M easurement M odel

In this case we would like to formulate a statedtimodel for measurements made on elements of a
sample from a finite population. Consider a firptgpulation U = {1..., k,..., N}t is assumed that for each

elemenk JU |, there exists a true valyg_and that the objective is to estimate the popurattal of these

true values,
tﬂ = E M,
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A samples of size n, is selected fron by a given probability sampling desigr(.) . The idea is to
obtain the true valugy, for each elemedtl] s, but what we actually obtain through the measurgme
procedure are the observed valugsfor K[J S.The observedy, is composed of the true valye, and a
random error or both random error and systematar ef, — /4, . For lack of better valuesy, is used in the

estimation. For a given sampte the random variablesyk(kD S) are assumed to have a certain joint

probability distribution (conditional on s), calladmeasurement model denotediyn this case we consider
our survey as a two stage process whereby thestage involves the sample selection, which resalts
selected sample and the second stage involves the measurementéduna; which generates an observed

value y, for eactk[]S. When evaluating expectations and variances \etpect to the two stages jointly,
the conditional argument is useful. As for the ested values,

Em()=E,[ E.(-/9]
Where Em(./ S) denotes conditional expectation with respect o riileasurement modsi, for a

given samples, E,(.)denotes expectation with respect to the samplegaedi) and E,, (.) denotes

expectation with respect to sampling design andsoreanent model jointly.
Similarly, for the joint variance, called tipen-varianceor thetotal variance we have

Vo) = B[ V(-7 9]+ V| E{./ $]
Where V,,(./ s)denotes conditional variance with respect to thelehan, givens, V, (.) denotes

variance with respect t&(.) andV,,,(.) denotes variance with respect®{.) andmjointly.

We specify further the modeh. For elemenk and| belonging to the same samgethe first and second
moments are
H = Em(yk/ S)
O-If :Vm(yk/ S)

And g, =C. (Vi ¥/ 9

5. Measurement errors.

Measurement is the basis of any scientific studym&asurements are, however, approximate values
(not true values) within the limitation of measugridevice, measuring environment, process of measne
and human error. Several measurements of the saaliéycpn the same subject will not in general he t
same.

Measurement errors refer to errors in survey respoarising from the method of data collection, the
respondent or the questionnaire. They include therein a survey response as a result of respasden
confusion, ignorance, carelessness, or dishon#stygrrors attributable to the interviewer, perhapsa
consequence of the poor or inadequate trainingy prpectations regarding respondents’ responsé le¢se
measurement errors end up causing a considerdiglet @n survey estimates. These errors are broadly
classified in two categories which are systematiore and random errors

Systematic errors are biases in measurement whadh to the situation where the mean of many
separate measurements differs significantly froenaittual value of the measured attribute. All messents
are prone to systematic errors, often of sevefdrdint types. The errors of this category are attarized by
deviation in one direction from the true value. t8ysatic errors may result from; Usage of faultytrimsent,
Usage of faulty measuring process and Personal Giesrly this type of error cannot be minimized by
repeated measurements. Systematic errors candtetefd to either overestimation or underestimatib
the desired population parameters.

Random errors are errors in measurement that eadetisurable values being inconsistent when
repeated measures of a constant attribute or dquané taken. Random errors unlike systematic s not
unidirectional i.e. some measurements are highdlewdome are lower than the true value. Another
distinguishing aspect of random errors is thas ot biased. It is normally present because ofittigation
of the instrument in hand and the limitation of gheet of the human ability. No human being can atp&
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action in exactly the same manner. Hence it idylikleat the same person reports different valugh thie
same instrument, which measures quality correttiys error is caused by any factor that randomigca
the sample. Random errors add variability to thta tat do not affect the average performance ®gtioup.
This is why at times it is regarded as ‘noise’.

5.1.Mathematical model for measurement errors.
According to Cochran (1977), we assume a large eundd independent repetitions of the

measurement on tfih unit are possible. Ley,, be the value obtained in " repetition.
Then Y, =H+e,
Where M = true value

€,= measurement error

Where the expectation gfis zero and variance i 3

E[e,]=0

Var[g,] =0
Therefore,

[V /1]=4

V[y, /=0

6. Inclusion probability in a stratified population

Suppose we have a stratified population contaikimgimber of strata. If we take one stratum denoted
by h, our indicator variable becomes,

1 if the KM unit is included in the sample from stuat h

| (S) =

0 otherwise

Our first order inclusion probability is denoted Iy, which denotes the probability that elem&nt
from stratumh is included into the sample. In the case of syatensampling, because each elemdmlongs
to one of the'a, ' equally probable systematic samples in stratum(Where a,, is the sampling interval in
stratumh.)

1
a,

The second order inclusion probability is denotgd7h,, which refers to the probability that both

elementsk and ‘1" from stratumh are included into the sample. Under systematigagin straturmh

-

Ty =

3 if k and | from stratum h are in same systematic mgde

Tl = 9

0 otherwise

.

The expectation and variance 6f, (S) are obtained as follows,
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E[l.(9)] =,
V[, (9] =m, (17

Covariance
covll,l,1=m, —mJt,

Since in stratum h our sampling intervalas we will have a,, systematic samples in the stratum
indicated bys, wherer =1,2,...a,

7. Horvitz Thompson estimator in a Stratified Population

According to Horvitz and Thompson (1952), the eatwn of the population total is given by

tir =3 Yo

h=1 k=1 Tk
Its variance is given by,

V(e 23S 1)+ 3 I,

et k=1 7 &y

According to Sarndal1992) there is no unbiased estimator of the vadaof estimated population
total when a sample is generated using systematipling technique. A precise estimator below was th
chosen

n . .
Where f, = —" represents the sampling fraction
TN p pling
h

8. TheMean SquareError (MSE)

The mean square error (MSE) of an estimator isainbe many ways to quantify the difference
between values implied by an estimator and thevalges of the quantity being estimated. The diffiee
occurs because of randomness or because the estdoats not account for information that could prela
more accurate estimate. In order to compare a dieseémate with unbiased estimate or two estimthiats
have different amounts of bias, a useful critergothe ‘mean square error’ of the estimate measiuoad the
population value that is being estimated. Formally,

s o] - 4 ]
=E(,Luz—mj2+2(m—,u) E(ILDI— rra+( mp)’°

=(Variance of E)+( biag”
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The cross product term varnishes sichef,_ m) = 0. The use of the MSE as a criterion of the

accuracy of an estimate amounts to regarding ttwmates that have the same MSE as equivalent.i3 hist
strictly correct because the frequency distribuﬁbarrors(f,_ ﬂj of different sizes will not be the same for

the two estimates if they have different amountsia$.
9. Total variance of the estimator of the population total in absence of systematicerrors

The total variance in the absence of systematar®is obtained as follows. Since our population is
stratified our measurement modelyis, = /1, + €.,

Em(yhkls):iuhk ks
Vo (V! 8) =0 kO s
Cov, (Y W/ 9= 00 K D

Where
The total variance is given by

s ey

Where

1ide

h=1 k=1 k ElkDs, ki k1 7/l

h=1 k=1 ﬂf]k 1k Os,4 k1 k1 nhk”hl

m
T M=
M;

i h=L k=L 74
(H ™
=V, | Yy A
==y
H Ny 7T, 7T,
ORI 3393 3 il PN
h=1 k=1 7h FlkDs, klkl  THJE,

Therefore the total variance in absence of systeraatrs is given by

1| S35 S 35 Sy S 3 S,

htkel 7Tk FikDsy k1 kel 7070 “F k17l hikls %1k THJL,
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By replacing both first and second order inclugpoobabilities Withi the variance becomes

u] H N, H 3 NN H N H 20 NN
AOMTD N HITEIHICELE ) 3% 21 CE1F
A k=l FlkOs, FLEI Flkl hlKlg k1% |

10. The mathematical model for measurement of errorsin stratified population

Since our population is stratified, the model beesm
Yok = Mt €
M., - represents the true value of unit k in stratum h
&, - represents the measurement error term of uniskatum h

OEn( Y/ 9= Butptne KD s
Whereb,, refers to the bias term
V. (V! ) =07 kO <

The covariance betwedd" and 1™ unit is

Cov, (W W/ k 10 9= I{ Yo~ & ?(k)][ - E M)]

= E(ehk B bn()( & QI)

= COV( & ‘ﬁl)

O COVm( Yoo Y/ K 10 9 = Oy
11. Decomposition of the mean squareerror.

In this case we will consider the Horvitz Thompsstimator and the effect of measurement errors on
its accuracy. We will decompose the mean squag erto components, assuming that the measurements

O
obey the simple measurement model ‘m’ as stateard&eThe mean square error ofyr can be written as
the sum of the total variance and squared bias.

v, i) ) 1]

2
0 0 0
The total variance is given by me(tmj = Epm{tm— Ep,,( tmﬂ

O O
The bias is given by Bpm(tHTj - Epm( tHTj_ t/j

This is called the measurement bias, which aridesnvexpected measurement values on elements do
not agree with true values. Variance term can loerdposed as follows

i) o] bor o 3] w0
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The first componenV, is referred to as the sampling variance whictei® an the case of complete

enumeration whereas the second compon¥htis referred to as the measurement variance. Theitzlo
Thompson estimator for the population total in tase will be

tr =3 e

h=1 k=1 7Ty
But,
0 _ H nh yhk
Eon| tvr [ZE | E [ DD 2k
L h=1 k=1 ﬂhk
H n, g
:Ep Zzij where Qe = U+ kﬂk
h=1 k=1 7thK
H N
_ g
_; iEp[lhk]

H
=> > G since E[ =7,
h=1 k=1
H N H N
= z M t Z Z Bk
h=1 k=1 h=1 k=1

From the decomposition of the variance term, weeNg\& V, where

woufefio)] wefu(e]

EH —Vg ﬁk 3 Ohk 9ni
- ]+ 2 cov(l I
R L] h=1 k IO, k=1 ;| Ty Ty, (1)

But V[l |=m(1-m,) and  cov( l,l,)=(7w— 7Ty

H N, gz H Np Ny g. O
0V, =23 27, (1-7,) + Z 3 (7 = T
h=1 k=1 /{pk h=1k,0s4 k1 k17K hl
H Ny o2 H o S T, — TT JT
S ITTERES J 3 3y Ui LIRS
h=1 k=1 7T FlkDs, kil k!  Th 7T,

but g, =ty * by and =Myt B
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V=SSO eSS SR TR ()

bt ket Thy FlkDs, k1l k!  TH 7L,

_ i & (1-73,)

h=1 k=1 k

H S N Ny —
(lufk+2:uhkbhk+ bik) +Z Z ZZM(MMLIN +u, 0+ 0t an)

hlkis, k1 kel TR JT

MM

V1=ZH: > Mﬂﬁﬁz Z % (”hkl_ﬂhk”hl)

H N (1_ T ) H Sap, N, Ny (7T - 7T IT )
+ hk Jp2 hkl hkni)py
;1 o1 T, e hzzlklﬂsl kzlzk:f;l T TT, e
H Ny (1_ T ) H San N Nj (ﬂ T, JT )
‘9 hk b+ hkl hk’¢ hi b
hz;l ,Z‘l Tl e hzz:l k.08 ;1 k# | Tlo Ty e

Thus the total variance in presence of measurearens is
g O O
me(tHTj ZV{ Em( tur/ S)} + Ep|: Vﬂ( tir/ %} — Vl + V2

ket 7y rikDsy k1 k1 75JTy

H N (1- & /e 7RI
+ZZ( ﬂﬂ%k) ESIDIDD) :¥H«ﬂm
er 7T FikOs, k1 k1 THJG
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+ZZ(1 7%() +Z Z %Z%m 57T b, b,

h=l k=L FlkDsy, k1l k!l Th7T
d AR 7T, 7T,
+2 ZZ( ) %kbnk +Z Z szm hk” ‘hi IL41kan
h=l k=1 FlkOsy kel kel ThJL,

Under systematic sampling in populations with dtcation as previously obtained the inclusion
probabilities are:

m =L
hk ah

1 if k and | from stratum h are in same systematic sample
a,

T =

0 if k and | from stratum h are in different systetita samples

\

We then substitute these probabilities in

vpm(?m):vp[em(mtm/ sﬂ+ Ep{ VN(D'HT/ ﬂ

Ny,
Z O-hklnhkl
kel Kk

h=1 k=1 7l 1kDOs, 1 7Tl /T,
H Ny (1 T ) H Thyg — Ty JT
+ZZ p hk /Jhk +Z ZZ g —— U My
h=1 k=1 " hlkDsy k1l hk/Lhi
Hod (1-70) 0 & & &y 7T, — 7T, 7T,
+ZZ |: Z Z hkl hk”*“hl bnkh'll
h=1 k=1 Tl h=1 k. I0s., k=1 k=l Tl 7T},
Ho Ny (1-77 He G0 Mo Noyr —7 7T
+2 Z hk)luhkbhk+z Z ZZ hkl T ~ Thh
b kel 7T el kDs, kel kel ThyJT,

We then replace both the first and second ordémsian probabilities withl to obtain

a,
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A

h
1 k,Ds, ke

Vot |23 TS 5 S
[ } Lﬂ =

=) sl
H N, Np Ny
DRI LLININS 3 103 ST
h=1 k=1 _— h=1k, 055 k1 k| — =
a, q 4

This then simplifies to

(tHT) Zzahah.ﬁi D ZZ A e

h=1 k=1 h=1k,Os4 k1 k|
H N, N, N,
+2. 2 (a ):Uhk"'z Z > (a0 =) ppddy
h=1 k=1 Lk Os, k1 k|
H Np H S, Ny Ny
2.2 (@ -+ > > > (8- hh,
h=1 k=1 Lk Ds,y kel k|
H N Np Ny
+2| > > (& )ﬂhkbhk+Z Z D> (&, —1) by
h=1 k=1 Lk Ds,y kel k|

12. Simulation of afinite population

Visual basic programming language along with Miofosaccess were used to generate a finite
population of size N=1000. A population was simedatontaining true values ranging from 20 to 9Qusive.
The true values had a normal distribution with amef 55 and a variance of 100. The population tivas
subdivided into four strata. This was done by finsanging all the population units in ascendingeor The
first 300 units were selected to constitute thetfstratum and the following 250 units were sekbdte
constitute the second stratum. The third and fostthta were also selected to contain 250 and 2@8 u
respectively. A sampling interval of 10 was useeath stratum resulting to 10 systematic samplesn
stratum. In each stratum a sample was selectathddm. In this case an assumption was made thahsysc

error b, is proportional to the true valdg, = dg,,
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13. Results

Table 2. Estimated population total subjected to systen®tiors with proportions of size'd’

PARAMETER: POPULATION TOTAL AND POPULATION VARIANCE
TRUE
VALUES ESTIMATESWITH
SYSTEMATIC ERROR
d=0.05 d=0.10 d=0.15 d=0.20 d=0.25 d=0.30

1 13320 14215 14881 15547 16213 16879 17545

2 13350 14030.5 14698 15365.b 1603B 16700.5 3687

3 15050 16034.5 16787 17539.b 1829p 19044.5 7979
STRATUM 4 13840 14369 15061 15723 16445 17137 17829
Estimated pop Total 55560 58649 61427 64205 66983 69761 72539
population Total 55000 57865.3 60615.3 63365.3 66115.3 68865.3 7361p
Variance of 1343800 2462003 2620951 2786619 2959005 3138111 39332
estimator of
population Total
Estimate of the 99688.7 188425 199168 21041¢ 222151 234390 2471R7
Variance of pop
Total

3500000

3000000

2500000

lance

2000000

1500000

population var

1000000

500000

0

=@ population variance in
absence of

measurement errors

== population variance in

presence of systematic
errors

——
¢ ¢ ¢
0.05 0.15 0.2 0.25 0.3

proportion of systematic error to true values

14. Concl

Figure 1. Effects of systematic errors on variance of estatigtopulation total

usion

The table 2 and figure 1 indicated that there waaerease in population total and population varéa
with increase in systematic error. The findingshaf study indicated that systematic errors hadjaifsgiant
impact on the accuracy of the estimates of bothujation total and population variance.
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