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This paper presents the theoretical and applicative model elaborated by Harry 

Markowitz on the determination of the structure of the efficient securities portfolio. 

In this sense, in order to determine the structure of the efficient Markowitz portfolio 

(PE), a Lagrange function is built and minimized. Also, on the basis of the results 

obtained from the analysis, the profitability of the portfolio is modeled continuous 

time and determines the range of values in which it can be found over one year after 

the analysis period. The data used in our analysis are shares of financial investment 

companies (SIF), traded on the Bucharest Stock Exchange, and the distribution used 

in the analysis is lognormal. The structure of the portfolio obtained through the 

Markowitz model can be compared to the structure of the portfolio obtained through 

the Sharpe model from a previous article titled ”Portfolio optimization - application 

of Sharpe model using Lagrange” (Brătian, 2017). 
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1. Introduction 

 

In this paper, the model elaborated by Harry Markowitz on the determination of the structure of the 

efficient securities portfolio is presented in a theoretical and applicative way. In this sense, to determine 

effective portfolio (PE) of Markowitz type is built and minimized a function of Lagrange type. Also, on the 

basis of the results obtained from the analysis, the profitability of the portfolio is modeled in continuous time 

and determines the range of values in which it can be found over one year after the analysis period. The data 

used in our analysis are shares of the financial investment companies (SIF), traded on the Romanian stock 

market on the Bucharest Stock Exchange (BVB). 

One of the goals of this article is to make a comparison, by practitioners, of efficient portfolio structure, 

using the Markowitz model, with efficient portfolio structure, using the Sharpe model. This can be done by 

comparing the results obtained in this article with the results we have obtained in a previous article, titled: 

”Portfolio optimization - application of Sharpe model using Lagrange” (Brătian, 2017). 
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In the following we make some clarifications on the importance of the studied subject. The founders 

of the modern theory of the portfolio are Harry Markowitz and his doctorate William Sharpe. In the view of 

the two researchers, the structure of the efficient portfolio (PE) is characterized by the minimum risk for a 

given level of expected profitability or equivalent, the maximum expected profitability for a given level of 

risk. This feature of the efficient portfolio is based on a criterion, the profitability-risk criteria, on the basis of 

which investors have a rational behavior aiming to obtain the lowest risk of the portfolio for a given level of 

expected profitability. 

From a technical point of view, in portfolio theory, the expected profitability is given by the average, 

and the risk is given by the variance.”Markowitz postulated that an investitor should maximize expected 

portfolio return (𝜇𝑝) while minimizing portfolio variance of return (𝜎𝑝
2).” (Rubinstein 2002, p.1042). 

The critique of the modern theory of the portfolio can be summed up precisely on the fact that the 

technique used is Gaussian, characterized by the two numerical sizes mentioned above. However, we must 

acknowledge that we do not have a well-structured alternative to this issue, and moreover, we must bear in 

mind that this theory has placed the field of finance on another level of knowledge. Robert Merton said, "Before 

the modern theory of the portfolio, finance was a collection of anecdotes, golden rules and manipulations of 

accounting information. The theory of the portfolio allowed the subsequent evolution from this mix to a 

rigorous economic theory." (Taleb, 2008, p. 315). 

This being said, in addition to optimizing the portfolio, using the Markowitz model, we will determine, 

with different probabilities (0.99; 0.75), value ranges in which the return of efficient portfolio can be found at 

a time t in the future. In this sense, the return modeling will be carried out in continuous time. 

We believe that this approach is especially useful for practitioners, because, in addition to determining 

the optimal portfolio structure, they can predict, with a certain probability, the range of values in which their 

return on investment will be at a time t in the future. 

 

2. Literature Review 

 

Markowitz (1952) proposes for the scientific debate the model in which investors, with varying 

degrees of aversion to risk, can determine the optimal structure of their portfolio of investments in financial 

assets. Sharpe (1963), realizes the diagonal model of portfolio optimization. Subsequently, modern portfolio 

theory takes a great deal the academic environment and for practitioners. Elton and Gruber (1997) and 

Rubinstein (2002), make some of the best synthesis of this theory's development over time. In Romania, the 

most recent empirical studies on this issue are conducted by Turcas et al. (2017); Zavera (2017). 

Regarding the profitability forecast of the efficient portfolio (the second issue referred to in the paper), 

we find that the best known and most accepted model for assessing financial assets is the evaluation model in 

continuous time. (Wilmott, 2002, p. 75). As a result, the model we use to predict profitability is a stochastic 

model. 

This being said, we are also making a very important statement that one of the works we consider to 

be relevant in terms of the importance and use of lagrangian in optimization problems is that of Fisher (2004). 

 

3. Methodology 

 

3.1. Concerning the Determination of the Efficient Portfolio Structure (PE) of Markowitz Type  

The Markowitz Model for efficient portfolio structure (PE) provides investors the structure of the 

minimum risk portfolio for a given expected return greater than the expected return of the Minimum Risk 

Portfolio (PRmin). 

In this optimization model, the objective function (minimizing portfolio risk, respectively minimizing 

portfolio variance value or minimizing portfolio volatility) has two restrictions, namely:   

 

1. ∑ 𝑥𝑖 𝜇𝑖 = 𝜇𝑝
𝑛
𝑖=1  

2. ∑ 𝑥𝑖 = 1
𝑛
𝑖=1  

 

As a result, Lagrange (L) has the following formal expression (Dragotă (coordinator) et al., 2009, p. 

315): 

𝐿 =
1

2
∑ ∑ 𝑥𝑖𝑥𝑗𝜎𝑖𝑗 + 𝜆1(∑ 𝑥𝑖𝜇𝑖 − 𝜇𝑝

𝑛
𝑖=1 )𝑛

𝑗=1
𝑛
𝑖=1 + 𝜆2(∑ 𝑥𝑖 − 1

𝑛
𝑖=1 )   (1) 
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To minimize L, the optimal conditions are: 
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The two above systems are equivalent because (Brătian (coordinator) et al., p. 355): 
𝜕𝐿

𝜕𝑥𝑖
=

𝜕

 𝜕𝑥𝑖
[1 2⁄ ∑ ∑ 𝑥𝑖𝑥𝑗𝜎𝑖𝑗 + 𝜆1(∑ 𝑥𝑖𝜇𝑖 − 𝜇𝑝

𝑛
𝑖=1 )+𝜆2(∑ 𝑥𝑖 − 1

𝑛
𝑖=1 )𝑛

𝑗=1
𝑛
𝑖=1 ] =  

=
𝜕

 𝜕𝑥𝑖
[1 2⁄ ∑ ∑ 𝑥𝑖𝑥𝑗𝜎𝑖𝑗

𝑛
𝑗=1

𝑛
𝑖=1 ] +

𝜕

 𝜕𝑥𝑖
[𝜆1(∑ 𝑥𝑖𝜇𝑖 − 𝜇𝑝

𝑛
𝑖=1 )] +  

 +
𝜕

 𝜕𝑥𝑖
[𝜆2(∑ 𝑥𝑖 − 1

𝑛
𝑖=1 )] =  

=  1 2⁄ ∑ ∑
𝜕

 𝜕𝑥𝑖
(𝑥𝑖𝑥𝑗𝜎𝑖𝑗)

𝑛
𝑗=1

𝑛
𝑖=1 + 𝜆1 (∑

𝜕

 𝜕𝑥𝑖
(𝑥𝑖𝜇𝑖) −

𝜕

 𝜕𝑥𝑖
(𝜇𝑝)

𝑛
𝑖=1 ) +  

 +𝜆2 (∑
𝜕

 𝜕𝑥𝑖
(𝑥𝑖) −

𝜕

 𝜕𝑥𝑖
(1)𝑛

𝑖=1 ) =  

  = 1 2⁄ ∑ 2
𝜕

 𝜕𝑥𝑖
(𝑥𝑖𝑥𝑗𝜎𝑖𝑗) + 𝜆1 (

𝜕

 𝜕𝑥𝑖
(𝑥𝑖𝜇𝑖) − 0) + 𝜆2(1 − 0) =

𝑛
𝑗=1   

   = ∑ 𝑥𝑗𝜎𝑖𝑗
𝑛
𝑗=1 + 𝜆1𝜇𝑖 + 𝜆2 ∙ 1     (3) 

 
𝜕𝐿

𝜕𝜆1
=

𝜕

𝜕𝜆1
[1 2⁄ ∑ ∑ 𝑥𝑖𝑥𝑗𝜎𝑖𝑗 + 𝜆1(∑ 𝑥𝑖𝜇𝑖 − 𝜇𝑝

𝑛
𝑖=1 )+𝜆2(∑ 𝑥𝑖 − 1

𝑛
𝑖=1 )𝑛

𝑗=1
𝑛
𝑖=1 ] =  

 =
𝜕

𝜕𝜆1
[1 2⁄ ∑ ∑ 𝑥𝑖𝑥𝑗𝜎𝑖𝑗

𝑛
𝑗=1

𝑛
𝑖=1 ] +

𝜕

𝜕𝜆1
[𝜆1(∑ 𝑥𝑖𝜇𝑖 − 𝜇𝑝

𝑛
𝑖=1 )] +

𝜕

𝜕𝜆1
[𝜆2(∑ 𝑥𝑖 − 1

𝑛
𝑖=1 )] = 

= 0 + (∑ 𝑥𝑖𝜇𝑖 − 𝜇𝑝
𝑛
𝑖=1 ) + 0 =  

= ∑ 𝑥𝑖𝜇𝑖 − 𝜇𝑝
𝑛
𝑖=1       (4) 

 
𝜕𝐿

𝜕𝜆2
=

𝜕

𝜕𝜆2
[1 2⁄ ∑ ∑ 𝑥𝑖𝑥𝑗𝜎𝑖𝑗 + 𝜆1(∑ 𝑥𝑖𝜇𝑖 − 𝜇𝑝

𝑛
𝑖=1 )+𝜆2(∑ 𝑥𝑖 − 1

𝑛
𝑖=1 )𝑛

𝑗=1
𝑛
𝑖=1 ] =  

=
𝜕

𝜕𝜆2
[1 2⁄ ∑ ∑ 𝑥𝑖𝑥𝑗𝜎𝑖𝑗

𝑛
𝑗=1

𝑛
𝑖=1 ] +

𝜕

𝜕𝜆2
[𝜆1(∑ 𝑥𝑖𝜇𝑖 − 𝜇𝑝

𝑛
𝑖=1 )] +

𝜕

𝜕𝜆2
[𝜆2(∑ 𝑥𝑖 − 1

𝑛
𝑖=1 )]    

= 0 + 0 + (∑ 𝑥𝑖 − 1
𝑛
𝑖=1 ) =  

= ∑ 𝑥𝑖 − 1
𝑛
𝑖=1       (5) 

 

In matrix form, the last system above (2) is written as follows: 
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⇒ 
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Variance and volatility (as measures of risk) of efficient portfolio return (𝜎𝑃𝐸) is determined as 

follows: 

𝜎𝑃𝐸
2 = (𝑥1 𝑥2… 𝑥𝑛) ∙  (

𝜎1
2 ⋯ 𝜎1𝑛
⋮ ⋱ ⋮
𝜎𝑛1 ⋯ 𝜎𝑛

2
) ∙ (

𝑥1
⋮
𝑥𝑛
)     (8) 

 

𝜎𝑃𝐸 = √(𝑥1 𝑥2… 𝑥𝑛) ∙  (
𝜎1
2 ⋯ 𝜎1𝑛
⋮ ⋱ ⋮
𝜎𝑛1 ⋯ 𝜎𝑛

2
) ∙ (

𝑥1
⋮
𝑥𝑛
)     (9) 

 

 

That being said, we recall that portfolios included between the minimum risk portfolio (𝑃𝑅𝑚𝑖𝑛) and  
𝜕𝜇𝑝

𝜕𝜎𝑝
2 = 0, are called efficient portfolios (𝑃𝐸). 

 

3.2. Concerning the Determination of the Structure of the Portfolio with Minimum Risk (𝑃𝑅𝑚𝑖𝑛) 
(Brătian, 2017, pp. 14-15) 

Lagrange function for the minimum risk portfolio (PRmin) has the following formal expression (Dragotă 

et al., pp. 282-283): 

 
  
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To minimize L, the optimal conditions are: 
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The two systems above are equivalent because (Brătian (coordinator) et al., pp. 342-343): 

 

 
𝜕𝐿

𝜕𝑥𝑖
=

𝜕

 𝜕𝑥𝑖
[1 2⁄ ∑ ∑ 𝑥𝑖𝑥𝑗𝜎𝑖𝑗 + 𝜆1(∑ 𝑥𝑖 − 1

𝑛
𝑖=1 )𝑛

𝑗=1
𝑛
𝑖=1 ] = 

=
𝜕

 𝜕𝑥𝑖
[1 2⁄ ∑ ∑ 𝑥𝑖𝑥𝑗𝜎𝑖𝑗

𝑛
𝑗=1

𝑛
𝑖=1 ] + 𝜆1

𝜕

 𝜕𝑥𝑖
(∑ 𝑥𝑖 − 1

𝑛
𝑖=1 ) =   

= [1 2⁄ ∑ ∑
𝜕

 𝜕𝑥𝑖 
(𝑥𝑖𝑥𝑗𝜎𝑖𝑗

𝑛
𝑗=1

𝑛
𝑖=1 )] + 𝜆1 (∑

𝜕

 𝜕𝑥𝑖
(𝑥𝑖) −

𝑛
𝑖=1

𝜕

 𝜕𝑥𝑖
(1)) =   

=
1

2
∑ 2

𝜕

𝜕𝑥𝑖
(𝑥𝑖𝑥𝑗𝜎𝑖𝑗) +

𝑛
𝑗=1 𝜆1 (∑

𝜕

 𝜕𝑥𝑖
(𝑥𝑖) −

𝑛
𝑖=1 0) =  

= ∑ 𝑥𝑗𝜎𝑖𝑗 +
𝑛
𝑗=1 𝜆1(1)      (12) 

 

𝜕𝐿

𝜕𝜆1
=
𝜕

𝜕𝜆1
[1 2⁄ ∑∑𝑥𝑖𝑥𝑗𝜎𝑖𝑗 + 𝜆1 (∑𝑥𝑖 − 1

𝑛

𝑖=1

)

𝑛

𝑗=1

𝑛

𝑖=1

] = 

=
𝜕

 𝜕𝜆1
[1 2⁄ ∑ ∑ 𝑥𝑖𝑥𝑗𝜎𝑖𝑗

𝑛
𝑗=1

𝑛
𝑖=1 ] +

𝜕

 𝜕𝜆1
[𝜆1(∑ 𝑥𝑖 − 1

𝑛
𝑖=1 )] =  

= 0 + (∑ 𝑥𝑖 − 1
𝑛
𝑖=1 ) = ∑ 𝑥𝑖 − 1

𝑛
𝑖=1      (13) 

 

In the matrix expression, the above system (11) is written as follows:
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The expected return (µ𝑃𝑅𝑚𝑖𝑛) is given by the following formal expression: 

 

𝜇𝑃𝑅𝑚𝑖𝑛 = (𝑥1𝑥2…𝑥𝑛) ∙ (

𝜇1
𝜇2
⋮
𝜇𝑛

)     (16) 

 

Volatility of return for the minimum risk portfolio (𝜎𝑃𝑅𝑚𝑖𝑛) is determined as follows: 
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3.3. Concerning the Profitability Forecast 

Let be the following equation of motion of the value for the efficient portfolio of Markowitz type: 

 

𝑑𝑉 = 𝜇𝑉𝑑𝑡 + 𝜎𝑉𝑑𝐵       (18) 

 

and either F = F(V) = lnV, the value for the efficient portfolio of Markowitz type. 

Differential of F, using the Taylor series, is given by the following formal expression: 

 

𝑑𝐹 =
𝑑𝐹

𝑑𝑉
𝑑𝑉 +

1

2

𝑑2𝐹

𝑑𝑉2
𝑑𝑉2      (19) 

 

Knowing that: 
𝑑𝐹

𝑑𝑉
=
1

𝑉
;  
𝑑2𝐹

𝑑𝑉2
= −

1

𝑉2
 and using heuristics 𝑑𝑉2 = 𝜎2𝑉2𝑑𝑡, from (18) and (19), by 

substitution, we will have: 

 

𝑑𝐹 =
1

𝑉
(𝜇𝑉𝑑𝑡 + 𝜎𝑉𝑑𝐵) −

1

2𝑉2
𝜎2𝑉2𝑑𝑡 = 

= (𝜇 −
1

2
𝜎2)𝑑𝑡 + 𝜎𝑑𝐵     (20) 

 

By integrating the expression (20), we obtain: 

 

𝑙𝑛𝑉(𝑡) − ln𝑉(0) = (𝜇 −
1

2
𝜎2) 𝑡 + 𝜎𝑍√𝑡 ,    (21) 

 where: 𝑍~𝑁(0,1). 
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Next, given that at the initial moment the portfolio value is V(0), then the instant return for a certain 

period, until the moment t in the future is distributed as follows: 

 

𝑙𝑛
𝑉(𝑡)

𝑉(0)
~𝑁 [(𝜇 −

1

2
𝜎2) 𝑡, 𝜎√𝑡]     (22) 

 

Because the instant return of the efficient portfolio of Markowitz type is normally distributed, it can 

be determined a confidence interval for this. Thus, with a probability of 99% or 75%, the portfolio's return at 

time t varies between the limits: 

 

𝑎) 𝑃 [(𝜇 −
1

2
𝜎2) 𝑡 −  𝜎2,58√𝑡 ≤ 𝑙𝑛

𝑉(𝑡)

𝑉(0)
≤ (𝜇 −

1

2
𝜎2) 𝑡 +  𝜎2,58√𝑡] = 99% 

 

𝑏) 𝑃 [(𝜇 −
1

2
𝜎2) 𝑡 −  𝜎1,15√𝑡 ≤ 𝑙𝑛

𝑉(𝑡)

𝑉(0)
≤ (𝜇 −

1

2
𝜎2) 𝑡 +  𝜎1,15√𝑡] = 75% 

 

4. Application of the Markowitz Portfolio Optimization Model to the Romanian Capital Market 

and Profitability Forecast 

 

Next, we will apply the Markowitz portfolio optimization model and estimate the profitability of this 

portfolio over one year after the analysis period (252 days after 30.10.2017). In this respect, the methodology 

used is the one above, and the data used are the daily closing prices of shares of financial investment companies 

(SIFs) (BVB, 2018), which are logarithmated.  

The analysis period is from 28.10.2016 to 31.10.2017 and is the same as the period used in a previous 

article (Brătian, 2017, pp. 8-21), where we analyze the Sharpe model. The choice of the same analysis period 

as in the previous article is, as we have said, also to be able to compare the structure of the Markowitz portfolio 

with the structure of the Sharpe portfolio. 

Regarding the structure of the minimum risk portfolio (PRmin), the following values were obtained 

(Brătian, 2017, pp. 16-17): 

 

- SIF1 shares = 21,46%;  

- SIF2 shares = 7,61%; 

- SIF3 shares = 42,41%;  

- SIF4 shares = 7,78%;  

- SIF5 shares = 20,74%. 

 

For this portfolio structure, the expected return and the minimum risk are: 

 

𝜇𝑃𝑅𝑚𝑖𝑛 = 0,07346% 

 

𝜎𝑃𝑅𝑚𝑖𝑛 = √𝜎𝑃𝑅𝑚𝑖𝑛
2 = 0.597% 

 

Observations: To the above expected return corresponds an expected return of 18.51% per year and to 

the above volatility corresponds an annual volatility of: 9.48%; prices and returns on portfolio securities are 

logarithmic. 

 

Regarding the structure of the efficient portfolio (PE), using µPE = 0,09% (to this expected return 

corresponds an annual expected return of 22,68%), the following values were obtained: 
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(

 
 
 
 

𝑥1
𝑥2
𝑥3
𝑥4
𝑥5
𝜆1
𝜆2)

 
 
 
 

= 

 =

(

 
 
 
 

0.00007810 3.80434𝐸 − 05 1.69233𝐸 − 05 3.17162𝐸 − 05 3.06831𝐸 − 05 0.001491778 1
3.80434𝐸 − 05 0.000108351 2.15378𝐸 − 05 4.32252𝐸 − 05 3.25785𝐸 − 05 0.00176029 1
1.69233𝐸 − 05 2.15378𝐸 − 05 6.16578𝐸 − 05 2.54116𝐸 − 05 1.09261𝐸 − 05 −0.00012905 1
3.17162𝐸 − 05 4.32252𝐸 − 05 2.54116𝐸 − 05 0.00010611 3.15441𝐸 − 05 0.001318855 1
3.06831𝐸 − 05 0.000032579 1.09261𝐸 − 05 3.15441𝐸 − 05 0.00009410 0.001122071 1
0.001491778 0.001760290 −0.000129050 0.001318855 0.001122071 0 0

1 1 1 1 1 0 0)

 
 
 
 

−1

* 

 

∗

(

 
 
 
 

0
0
0
0
0

0,09%
1 )

 
 
 
 

 

 
⇒ 
 

(

 
 
 
 

𝑥1
𝑥2
𝑥3
𝑥4
𝑥5
𝜆1
𝜆2)

 
 
 
 

=  

 

=

(

 
 
 
 

14103.18845 −6359.34193 346.82969 −3666.34051 −4424.335710 227.1897559 0.047735348

−6359.34193 10235.408513 2654.8827839 −4369.04578 −2161.90359 252.4125402 −0.109301118

346.82969 2654.8827839 1231.421860 −1432.86785 −2800.26649 −583.4008386 0.852743244

−3666.34051 −4369.04578 −1432.86785 11948.09232 −2479.83819 127.0782298 −0.015632515

−4424.335710 −2161.90359 −2800.266490 −2479.83819 11866.34398 −23.27968728 0.224455042

227.1897559 252.4125402 −583.400839 127.0782298 −23.27968728 −27.45759038 0.020171683

0.047735348 −0.109301118 0.852743244 −0.015632515 0.224455042 0.020171683 −5.04840E − 05)

 
 
 
 

∗  

 

∗

(

 
 
 
 

0
0
0
0
0

0,09%
1 )

 
 
 
 

 

 

⇒ 
 

(

 
 
 
 

𝑥1
𝑥2
𝑥3
𝑥4
𝑥5
𝜆1
𝜆2)

 
 
 
 

=

(

 
 
 
 

25,22%
11,79%
32,77%
9,87%
20,35%

−0,004540148
−3,23295𝐸 − 05)
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As a result of the calculations above, the structure of the efficient portfolio is: 

 

- SIF1 shares = 25,22%;  

- SIF2 shares = 11,79%;  

- SIF3 shares = 32,77%;  

- SIF4 shares = 9,87%;  

- SIF5 shares = 20,35%. 

 

For this structure, volatility is: 

 

𝜎𝑃𝐸
2 = (25,22% 11,22% 32,77% 9,87% 20,35%) ∗ 

 

* 

(

 
 

0.00007810 3.80434E − 05 1.69233E − 05
3.80434E − 05 0.000108351 2.15378E − 05

3.17162E − 05 3.06831E − 05
4.32253E − 05 3.25785E − 05

1.69233E − 05 2.15378E − 05 6.16578E − 05
3.17162E − 05
3.06831E − 05

4.32253E − 05
0.000032579

2.54116E − 05
1.09261E − 05

2.54116E − 05 1.09261E − 05
0.00010611
3.15441E − 05

3.15441E − 05
0.00009410 )

 
 
∗  

 

∗

(

 
 

25,22%
11,22%
32,77%
9,87%
20,35%)

 
 
=  0,0000364  

 

⇒ 
 

𝜎𝑃𝐸 = √𝜎𝑃𝐸
2 = 0.603% 

 

Remarks: 

a) To  the above volatility corresponds an yearly volatility of: 9,58%. 

b) The calculations were made in Excel. 

c) The prices and returns of the securities in the portfolio are logarithmic. 

 

Regarding the profitability forecast for the efficient Markowitz portfolio, the following value ranges 

were obtained (with probability of 99% and 75% probability) and where t = 1 after one year: 

 

𝑎) 𝑃 [(22,68%−
1

2
∙ 9,58%2) −  9,58% ∙ 2,58 ≤ 𝑙𝑛

𝑉(𝑡)

𝑉(0)
≤ (22,68%−

1

2
∙ 9,58%2) +  9,58% ∙ 2,58]

= 99% 

⇒ 
 

𝑃 [−2,49% ≤ 𝑙𝑛
𝑉(𝑡)

𝑉(0)
≤ 46,94%] = 99% 

 

𝑏) 𝑃 [(22,68%−
1

2
∙ 9,58%2) −  9,58% ∙ 1,15 ≤ 𝑙𝑛

𝑉(𝑡)

𝑉(0)
≤ (22,68 −

1

2
∙ 9,58%2) +  9,58% ∙ 1,15]

= 75% 

⇒ 
 

𝑃 [11,20% ≤ 𝑙𝑛
𝑉(𝑡)

𝑉(0)
≤ 33,24%] = 75% 
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5. Conclusions 

 

Following the Markowitz model, the structure of our efficient portfolio is as follows: 

µ(𝑦𝑒𝑎𝑟𝑙𝑦)𝑃𝐸 = 22,68% → 𝜎(𝑦𝑒𝑎𝑟𝑙𝑦)𝑃𝐸  = 9,58% → 

(

 
 

𝑆𝑖𝑓1 = 25,22%
𝑆𝑖𝑓2 = 11,79%
𝑆𝑖𝑓3 = 32,77%
𝑆𝑖𝑓4 = 9,87%
𝑆𝑖𝑓5 = 20,35%)

 
 

 

 

The expected return over one year after the analysis of the above-mentioned efficient portfolio is as 

follows: 

a) 𝑃 [−2,49% ≤ 𝑙𝑛
𝑉(𝑡)

𝑉(0)
≤ 46,94%] = 99% 

 

b) 𝑃 [11,20% ≤ 𝑙𝑛
𝑉(𝑡)

𝑉(0)
≤ 33,24%] = 75% 
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