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Editor’s Introduction to Volume 2, Issue 3 of
Expert Journal of Economics

Simona VINEREAN"

Sprint Investify

In this third issue of the second volume of Expert Journal of Economics, we gathered various
interesting articles exploring the effect of nonzero autocorrelation coefficients on the sampling distributions,
the premises of the modern market economy, the analysis of consumer behavior in the process of search and
increased wage, and the repercussions of the measurement errors in misleading results in the estimation of
various population parameters. We are appreciative of the opportunity to publish such meaningful
contributions to economics knowledge. Further, | present a short description of each article that is published
in Expert Journal of Economics, vol. 2, issue 3.

In The Effect of Nonzero Autocorrelation Coefficients on the Distributions of Durbin-Watson Test
Estimator: Three Autoregressive Models, Mei-Yu Lee (2014) discovers three interesting results for the
application of a serial correlation test for an example of Durbin-Watson test estimator when the errors have
nonzero autocorrelation coefficient in first-order autoregressive model. The author also compares three
models to show the effect of nonzero autocorrelation coefficients on the sampling distributions of the d
statistic.

Dominique and Rivera-Solis (2014), in their paper entitted On Market Economies: How
Controllable Constructs Become Complex study the premises of the modern market economy from different
perspectives. Firstly, the authors review the Walrasian pure exchange (WPE) model and a controllable linear
time invariant (LTI) model. This research shows that the Walrasian pure exchange economy does not fully
exhibit the complexities of areal market economies. Secondly, they explore two solution concepts in the
theory of robust and optimal control of nonlinear systems based on the Hamilton-Jacobi Equations. The
article further explores the new advances in affine and non-affine nonlinear feedback H-infinity control
theory and shows that empirical verifications are difficult to achieve due to the lack of proper metrics and the
data requirements.

In his paper Willingness to Overpay for Insurance and for Consumer Credit: Search and Risk
Behavior Under Price Dispersion, Sergey Malakhov (2014) analyses consumer behavior in terms of the
methodological power of relative values that appear in the process of search. The author discusses the
instability of the equilibrium in the saddle point that occurs when a consumer’s wage increase leads to his /
her motivation to reduce the search time and to increase the quality of the goods. Further, the author
elaborates on the Veblen effect and the satisficing path where consumers should take risks, and considers the
economic implications of giving or family altruism. The model proposed in this research also encompasses
risk aversion and optimum quantity of money. Moreover, the model also could be used for the examination
of the optimal taxation.
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Ouko, Kipkoech, and Kirimi’s (2014) article entitled Effects of Measurement Errors on Population
Estimates from Samples Generated from a Stratified Population through Systematic Sampling Technique
studies how the presence of measurement errors has led to misleading results in estimation of various
population parameters. This paper shows how the effects of measurement errors on estimates of population
total and population variance when the samples of the research are drawn using systematic sampling
technique from a stratified population. The results of this research indicate that systematic errors have an
effect on the accuracy of the estimates by overestimating both the population total and the population
variance.
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The Effect of Nonzero Autocorrelation Coefficients the Distributions of
Durbin-Watson Test Estimator: Three Autoregrestivslels

Mei-Yu LEE

Yuanpei University, Taiwan

This paper investigates the effect of the nonzeatocrrelation coefficients on the
sampling distributions of the Durbin-Watson testireator in three time-series
models that have different variance-covariance maissumption, separately. We
show that the expected values and variances oDtirbin-Watson test estimator
are slightly different, but the skewed and kurtosiefficients are considerably
different among three models. The shapes of foefficents are similar between
the Durbin-Watson model and our benchmark modelabeinot the same with the
autoregressive model cut by one-lagged period. ®kcthe large sample case
shows that the three models have the same expeetlees, however, the
autoregressive model cut by one-lagged period egpladifferent shapes of
variance, skewed and kurtosis coefficients fromather two models. This implies
that the large samples lead to the same expectkobxva2(1 —pg), whatever the
variance-covariance matrix of the errors is assumEaally, comparing with the
two sample cases, the shape of each coefficiamitriest the same, moreover, the
autocorrelation coefficients are negatively relatedth expected values, are
inverted-U related with variances, are cubic rethteith skewed coefficients, and
are U related with kurtosis coefficients.

Keywords: Nonzero autocorrelation coefficient, the d stitisserial correlation,
autoregressive model, time series analysis

JEL Classification: C32, C15, C52

1. Introduction

Serial correlation has the most important role utoeegressive models, which is based on the
regression analysis. If the data has serial cdivelathen the researchers have to pay attentiginaiod use
the correct variance-covariance matrix for estioratind forecasting. However, Lee (2014a) indicttes
reasons of the difference between the errors aeddakiduals in regression analysis whXfe =0 is its
internal constraint for the residuals, that is affected by the values of the independent varsalAaother
one important factor is degree of freedom whichst@ints the relationship of sample size and thabar
of independent variables. Lee found tbdE =0 is very important when the degree of freedom isveoy
large in the regression analysis, thus, the autessgze model will have to pay considerable attentin the
above factors when the researchers use the serialation test estimator. Lee (2014b) also disesitke Z
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test that can be used in the serial correlationakethed statistic when the degree of freedom is largen tha
50. In that paper, Lee investigated the effectheffactors, including the variances of the errtirs,values

of the independent variables, on the distributiafisthe d statistic. Therefore, we do not repeat the
investigations in this paper.

Due to the internal constraint and degree of fregdee use three models, including Durbin-Watson
model (Durbin and Watson, 1950, 1951), the commgoragressive model, and autoregressive model with
one-lagged period, AR(1) model, (Savin and Whi&/8), to discuss the effect of honzero autocoimsat
coefficients on the distributions of the Durbin-\W@a test estimator, the statistic. The reason we choose
thed statistic is that its formula is the combinatidrtlee residuals and no one researches from thepaety
of the degrees of freedom. In fact, the Durbin-Watsnodel has unfixed variance-covariance matrig, tae
AR(1) model is restricted in the range from -0.5Q&. We intend to show the differences from the
distributions of thed statistic among three models, and to comparedb#icients of thal statistic between
any two models.

This paper complements and explains if the null dlypsis is the nonzero autocorrelation
coefficients, H: p = po, po # 0, then how the distributions of tliestatistic will become and what are the
differences among three models. We show that tteztmodels have the same autocorrelation coeffgien
as the null hypothesis in the robust analysis, ibuthe small samples, the three models have differe
distributions of thal statistic. It is worthy noting that the importarafethe null hypothesis with the nonzero
autocorrelation coefficient. When the researcheas &now the data of the exactly autocorrelation
coefficient, they can accurately forecast and jutlge future. Even the critical value table can hétb
without neglecting the properties of the errors #ralvalues of the independent variables. The tsireiof
the paper is as follows. Section 2 describes treetmodel settings and the simulation proceduretic®e3
explores our simulation results that have (1) thggons of four coefficients among three models wiie
sample is 57 and the number of independent vagadblé, and (2) the patterns of four coefficiergsaeen
any two models when the sample is 1000 and the auwibindependent variables is 6. Section 4 present
the conclusions and discussion of the results.

2. Themode
Consider a linear regression model with k regressand T sample sizes, as

Y =X B+ e

(Tx1) (Txk) (kx1) (Tx1)
Eachg; is the error matrixe, and satisfied with three conditions that are

() eisi.i.d. Normal distribution.
(i) E(e) = 0 and Var§) = o2 for all t.
(i) E(erxerr) =0and B x¢g) =0, |i—j|>1,foralltandi,j=1,2, ..., T

Y = X B + e is constrained by B = 0 and EX"e) = 0. Use OLS and get the estimator of
coefficients,B = (X"X)*X Y, due to the constraint ¢f"e= 0. Thus the residuals age= (I — X(X"X)"

XT)e, which is satisfied with E{) = 0 and XT€= 0 and the degree of freedom being T-p-1. The sfim
square residuals will be

E(gg") = ol —X(XTX)XT) (1)

The condition (iii) guarantees the errors are imtelent from each other. However, the serial
correlation model has broken condition (iii). Irder to test the extensibility of theestatistic in the serial
correlation models, the models are that

® Model A is the Durbin-Watson model introduced byrbio and Watson in 1950.

® Model B is the serial correlation model in commohis is also the benchmark model.

® Model C is the autoregressive error procedure wiith lagged period.
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2.1.Mode A

The serial correlative condition of Model Ads: = pet + u+1, where t =0, 1, ..., T-Jy is population
autocorrelation coefficient af:1 ande, s is i.i.d. Normal distribution with E¢:1) = 0 and Vanf+1) = ¢°
for all t. The specialist property of Model A isthinfixed variance of the error when t increades, is,

t+1

Ea=pRE L= (P

e

Var(e,,,) = 022 (( o) )
(o) )JXJZ,
pX[ﬁz«pﬁ”‘n

j=1

ple.c.)- [ bS]

j=1 =1

t+1—

xu),

(e, x M)=px(

=1

wherep(g, &+1) is the sample autocorrelation coefficient. Ippeoaches to infinite, then Vai) = 62
I (1 —p?), E(et X &w1) = p Var(e) andp(e, &+1) = p (See the proofs in Appendix I).

2.2.Model B

The serial correlation condition in Model Bss: = pe; + pw1, Where E X eu41) =pc?, t =1, 2, ...,
T-1, thus,uw1 is i.i.d. Normal distribution with B{+1) = 0 and Vang+1) = (1 —p?) o2 for all t. This serial
correlation condition indicates the conditiorsah on & is Normal distribution with E{:1 | &) = per and
Var(ew | &) = (1 —p?) o2 Therefore, the variance-covariance matrix is

1 o P o' p!
0 1 0 o7 p'?
E(eeT)= 07 o p | I ot ph? 1
o' p}—3 pT.—2 ..... 1 0
7-1 T-2 s 0 1

The special property of Model B is

E(g, x¢,,)=px0”,

__pxo’

,O(Et ) EM) = W

2.3.Model C

The serial correlation condition in Model Ceis, = pe; + 1, Where E§ X e41) =po?, t =1, 2, ...,
T-1, and E¢ X &) =0, j > 1. Thus, the variance-covariance magix
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[ o pxo* 0 ... 0 0
pxag: o' pxot .. 0 0
0 xg? o ... 0 0
E(ee™) = P
0 0 0 pPXO o’ pxo’
| 0 0 o .. pxog’ o’

It should be noted that the autocorrelation corffits cannot be more than 0.5 and less than -0.5, o
the model would be flawed.

2.4. The Durbin-Watson test

As top = 0, the three models become one model wherertbesei.d. Normal distribution with E)
= 0 and Varg) = ¢ Thus, the joint probability density function bEterrors is

fesoloiir) B

where o <g <o andt=1, 2,...,T, and then those residuals tratalculated from the Original
Least Square (OLS) method will be also restrictgdhe internal constraintX™ €= 0. The DW test statistic
is not noised by?. Unfortunately, the lack of discussions of thetatistic is not only property of central
limited theorem, that has been discussed by Le&4{?0 but also the effect of nonzero autocorretatio
coefficients on the distributions of thestatistic which has different variance-covariantarices in three
models. As to the hypotheses; b= po and H: p # po, the joint probability density function is

_ efSe
2‘2‘0.5

wherez = E(8¢”) and <o <g<wandt=1, 2,..., T.
Durbin and Watson (1950, 1951) build tHestatistic for testing the serial correlation oé tHata
when the null hypothesis is a zero autocorrelatimefficient. Thed statistic is

1 ~ 2
Zi (gt - gt+l)
—_ =
DW==—e——
2
=1

whereét =Y, —YAt. However, the mathematical transformations oftjpnobability density functions,

from the errors to the residuals and from the redglto thed statistic, are not 1-1 relation and cannot find
the jocabian functions, that is,

A A a(&,....&
f(gl,...,ar_l):f(el,...,e‘T)Xﬁ,
ST
and
Cera a2\ JO(EEL)
DW = f(&,....& ) 2(DW)
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Because the exactly sampling distributions of thestatistic cannot be found, the computer
simulation is needed whatever the autocorrelata@ificient is zero or nonzero.

3. Simulation procedure

The computations are performed in C++ on Intel d@reesktop. In order to control the internal
constraint of regression and to derive the proligbiensity functions of thel statistic, we use a new
simulation process based on random number methodoviercome the problems of probability
transformation! Thus, the Durbin-Watson test estimator can beilsited under null hypothesisohp = po,
wherepo # 0. The computer repeat¥’ 2alculations per time to get®2/alues of the Durbin-Watson test. The
research method is as followed.

Step 1: Give the intercept and slope vafes B1 = B2 =...= B« = 0, and the data set of independent
variables.

Step 2: Get the error data set of hormal distrdrutvhich sample size i Here, the error value is
independently.

Step 3: According to the linear regression modéirgeand computing the data set of dependent
variable,Y = XB +&.

Step 4: Calculate the point-estimated values ofesegion coefficient and getting the estimated
values of dependent variablé,= XB .

Step 5: Calculate the data set of residﬁa:l,f( ~XB.
Step 6: Get the value of tlgestatistic.

Every time generate'2values by repeating Step 2 to Step 6. Those vaaegenerate a frequency
table and then calculate the sampling distributiand coefficients. Becausé®2alues per time is large
enough, the sampling distributions of thetatistic can be viewed as population distribigiobhe error of
coefficients between real value and estimated valfrem 1/1000 to 1/10000.

When the sampling distributions of tHestatistic are generated, the computer calculaesneans,
variances, skewedness, and kurtosis coefficiertits.skewedness and kurtosis coefficients can emsare
whether the sampling distributions of ttiestatistic are Normal distribution or not in theeth models. The
paper defines the coefficients of tthetatistic as
p = X1 is the autocorrelation coefficient of theces:.

E(DW) = X2 is the mean of thistatistic.

Var(DW) = X3 is the variance of trebstatistic.
o(DW) = X4 is the standard deviation of tetatistic.
v1(DW) = X5 is the skewedness of tHestatistic.
v2(DW) = X6 is the kurtosis of the statistic.

4. Simulation results

First, the computer calculation depends on theeslof independent variables (Appendix Il), 6
regressors, the variance and autocorrelation cisftis of the errors. The sampling distributionsthed d
statistic have four coefficients which are patterbg the autocorrelation coefficients of the errfoosn -0.99
to 0.99 for Model A and Model B, and form -0.49G@e!9 for Model C, as shown in Table 1. The small
sample case, T = 57, shows the effect of the autelation coefficient on the coefficients of thergaing
distributions of thel statistic.

Table 1. The extreme values of the coefficients of in thmedels when the autocorrelation coefficient is rooZT

=57, k =6)
X2 X3 X4 X5 X6
Model A Max 3.650836288  0.066942063  0.258731643  7%0#42865 5.882692292
Min 0.496834365  0.020959918  0.144775404  -1.4473215 2.897774026

T The software of Durbin-Watson test is provided@g.C. Ltd. The software of Durbin-Watson test miq#iéodel B) is available online on the
website: https://www.facebook.com/pages/Welsh-GBroigram/606775822740593. The traditional Durbirtsa test model is based on Imhof
(1960) and Pan (1968).
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Model B Max 3.680587671 0.066940095 0.258727839 0.806132468 917216908

Min 0.492612374 0.01518781 0.123238833 -1.736253752 96248261
Model C Max 2.807037254 0.066956001 0.258758576 0.230931679 39399415
Min 1.168332061 0.039141875 0.197843058 -0.237106198 898300265

Table 1 illustrates the maximum and minimum of foaefficients in three models. By comparison
of Model A and B, two models have the same mininairg(DW), maximum of Var(DW) and(DW), but
slightly different maximum of E(DW), minimum of V@W) and o(DW). Moreover, Model B is more
positive-skewed and centralized than Model A. HosveWlodel C has the most extreme differences of
E(DW), y1(DW) andy2(DW) than Model A and Model B, except for maximufiv@ar(DW) ands(DW).

Although Table 1 shows the five coefficients of thetatistic, we still do not know the effect of
autocorrelation coefficients on the sampling disttion of thed statistic. Therefore, Table 2 illustrates the
plots of four coefficients where the vertical aidsE(DW), Var(DW),y1(DW) andy»(DW), separately, and
the horizontal axis represents the autocorrelata®fficients. Those plots assist us to investigdtether the
d statistic is Normal distribution and how the aatwelation coefficients affect the sampling distitibn of
thed statistic. As to the whole range pfin three models, E(DW) is negatively and lineadiated withp.
This implies thatlE(DW) / dp < 0. The plot of E(DW) also passes through ard2u0028 (Model A and B)
and 2.0027 (Model C) as = 0. The reason is that the negatpveauses the errors and the residuals to
fluctuate up and down from t to t + 1 period, hoemthe positivep leads to one and fixed direction for the
errors and residuals. Second, Var(DW) is an indedeshape. This implies that the higher tpleig, the
lower the Var(DW) is. However, the maximum of Vawf) occurs ap = 0.02 in Model A, ap = 0.01 in
Model B and ap = -0.01 in Model C. This also shows that the maximof Var(DW) is not ap = 0. This is
because the different assumption of variance-camaé matrix. From the view of E(DW) and Var(DW),
E(DW) cannot be used to derive Var(DW) becauselittear relationship cannot represent the U-shape
relationship, especially when the autocorrelatioefficient is nonzero.

Table 2 also illustrates the plots of the skewed kortosis coefficients. The plots of skewed
coefficient are cubic shape which shows the highep is, the higher the skewed coefficient is. The stéw
coefficients are positive whgn> 0. Model C has considerable shape of skewediciegits by comparison
with Model A and Model B. Although the kurtosis €figent is 2.8978 in Model A, 2.8975 in Model Baé
208990 in Model C whep = 0, the minimum of the kurtosis coefficient occimp = 0.01 in three models.

If |p| becomes larger than 0.01, the kurtosis coeffidimreases, in particular, the higher the neggtivg
the higher the kurtosis coefficient is in Model AdaModel B. The plots show that the assumptiongadel
B lead to the higher kurtosis coefficient than Mo#levhen p| becomes larger and close to higher relation.
We also find that the kurtosis coefficient is largfgan 3 wherp < -0.37 in three models, but occurs wipen
> 0.39 in Model B and Model C, and wher 0.38 in Model A.
Thus, we can obtain the proposition as follows.

Proposition 1.

(1) dE(DW) /dp < 0. Wherp =0, E(DW) = 2.00 accurate to the second decirzalep

(2) Whenp < 0, dvar(DW) / dp > 0 anddvar(DW) / dp < 0 whenp > 0. The second-order
condition isd®var(DW) / dp? < 0.

(3) dy(DW) /dp > 0. Wherp = 0,y,(DW) = -0.00 accurate to the second decimal place.

(4) Whenp <0,dy2(DW) / dp < 0 anddy2(DW) / dp > 0 whenp > 0. The second-order condition is
d?y2(DW) / dp? > 0.

In the small sample case, the assumptions @f&f.1) and the variance- covariance matrix leads to
the differences among three models when the samapl@éshe number of regressors are the same. This is
because Model B has the fixed variance in the agsamof first-order autoregressive errors, meatayhi
Model C is based on the only one-lagged periodceffe the errors. The four coefficients in threedels
show that the sampling distributions of ttiestatistic are not Normal distribution in the rangfep. One
reason is from Lee (2014a, 2014b), other reasdhas nonzergp disturbs the errors, the residuals, its
mathematical combination and the variance-covaeanatrix, thus, the statistic cannot display a Normal
distribution.
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Table 2. The coefficients in three models when the autotatiom coefficient is nonzero (T = 57, k =6)
Model A Model B Model C

X2 X2 1

35

X2 3
28
26

X1

X3

0.01

X1 X1

X5

X6

Due to the relationship of each coefficient @nd Table 2, we can estimate each coefficient efdth
statistic by the autocorrelation coefficients, tisatregress each coefficient prby curve-linear regression
method, which is based on the Taylor expansiontiomgcin Table 3. The horizontal axis is the valoég
and the vertical axis is the values of each caefiic It is noted that the three models indicatt thed
statistic is asymmetric at 2 and has significaffedénce iny1(DW) andy»(DW), in particular, when the null
hypothesis is bl p = po.

Table 3. The estimation of each coefficient in three moddisn the autocorrelation coefficient is nonzero

Symbol Modd A Model B Moaodel C

X2 & 0C1.X@) . The estimated ine is }2=HOXT) X2 %1X2),The estimated ine is X2=H0<T) w2 01X2).The estimated ine is X2=HO<T)

36508 36805 28070,

04936 d 11683
04968 d
T 089 043

X3 0 <1 X3), The estimated fine s K3=HECT) @ 041 X3) The estimated ing 1s K3=H0<1) @ 041 X3) The estimated ing 1s K3=H0<1)

0.0869 0.0669. 0.0868.

00151 1 00301
0.0208 o
0,99 -0.88 048
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X5 ¥ 041 X8) The estimated ing is K6=H0<1) e 041 X8) The estimated ing 1s K6=H0<1) e 041 X8) The estimated ing 1s K6=H0<1)
nnnnnnnnnnnnnnn

nnnnn

sssssssssssssss

28077
-0.99

The Appendix Il illustrates the residual plotseach coefficient after estimation. The residuatglo
show that the model setting leads to the diffeedfect ofp on the coefficients of thd statistic, even the
shapes of each coefficient are as similar as pessNdoreover, Model A and Model B have similar
coefficients, but the residual plots are considgralifferent with each coefficient. The special iaaice-
covariance matrix assumption leads to the resigl@tl of Model C different from others. Due to the
considerable paths of coefficients as a changeautofcarrelation coefficients, the statistic is still sensitive
and is used for hypothesis testing in three moglakn the null hypothesis isotp = po.

4.1.Robust analysis

When the samples are large enough, the three mbdeks the same sampling autocorrelation
coefficient,p(s, &+1) = p, however, have different values ofEf ¢:.1), that is,

2

yolos
E(‘E‘t’gtﬂ) = 1_102

po’  ,Model BC

,Model A

Thus, the zero autocorrelation coefficient leads(tg &+1) = p(et, e+1) = 0 in the three models. If the
null hypothesis is nonzero autocorrelation coedfitj H: p = po, and T is infinite, then

E(DW) = 2 (L —po). )

The expected values of tlestatistic is a constant value away from 2 meaaskthas no impact on
the robust means of the statistic whatever the autocorrelation coefficient Furthermore, E(DW) is
negatively and linear related withh as shown in (2). However, E(DW) insufficiently repents the
information of the sampling distributions of tietatistic when T is large enough. The second tatfiorows
of Table 4 illustrate the effect of the higher maornseon the sampling distributions of thestatistic. The
second row shows that Model A and Model B havestitae shape of variance, but are different from Mode
C. moreover, Var(DW) is affected considerably bg pgositive autocorrelation coefficient in Model Ada
by the negative autocorrelation coefficient in MioBeWe also find that the higher thd |s, the larger the
difference between Model A and Model C (Model B &hadel C) is.

The third row illustrates that the higher positpvéeads to that (1) the skewed coefficients of Model
A are larger than that of Model B and (2) thera larger difference from the(DW) of Model A (or Model
B) minus theyi(DW) of Model C. However, the larger negatipeinduces in the larger difference from
v1(DW) of Model C minug1(DW) of Model A (or Model B). We also can find that

ap(BW) 5 o
do
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The fourth row illustrates that the smallest valagg(DW) occurs inp = 0. When thep] becomes
larger,y2(DW) increases in the three models, in particullae, pattern of2(DW) has a kinked point gt
=0.1. The relationship betwegs(DW) andp is

dy,(DW) >0 ,if p<0
do <0 if p>0 "

and
dy2(DW)
— 5 < 0.
do
Table 4. The comparison of the changes between three siaalfficients and autocorrelation coefficient{1T000
and k =6)
Model A vsModel B Model A vsModel C Model B vsModel C
E(DW) 3 X
2.5 2.5
1.5
1.5 1
1 0.5
— 0.5 —r—T T
109D 0-E800DI00DDDLDODESL . . . ——! . . . . 0.50.40.30.20.1 0 0.10.20.30.40.5
04030201 0 01 02 03 04
—— D] _L —— D] B — —_ O EDW|_E =i EDW]
Var(D
( V\O 0.006 0.005 0.005
/0.003 1 ’\‘\x 0.003 -
0.002 0.002 + 0.002
0.001 0.001
-10.8.9.0.6.5.6.5.0 100.0.0.9.9.9.6.0.9.91 L L — L L —
0.4-0.30.20.1 0 01 0.2 0.3 04 0.4-0.30.20.1 0 01 0.2 0.3 04
——p— DWW |_A . 7D |_E
skewness
0.1 0.1
/\/M
QMI J} 0.1 0.2 0.3 0.4 -0)(.4%?05 0.1 }i 0.1 0.2 0.3 04
0.1 0.1
e 71| D_A D e £ L Ll 1 DW_E e 1| D_C
kurtosis
3.02 3.02
3.015 3.015
\f;i;)/ 3.01 -F—EVE/E/:
e’ —
S —y S —y
3 A — 3 —
2.995 \// 2.995 \/‘/
0D EDEDODD00DD.DODDDDL 04030201 0 010203 0.4 04030201 0 010203 0.4
e DA Dl T DW_E — J—— yZjowL s R L
Comparing with Table 2 and 4, the sampling distidns of thed statistic have the following
properties.

Proposition 2. At small and large sample cases,
(1) E(DW) passes through 2 when null hypothesis+s0 in three models.
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(2) E(DW) is negatively and linearly related within three models

(3) Var(DW) is inverted-U related witp in three models.

(4) Model A and B have the same shape of Var(DWDW) andy2(DW), that are different from
Model C.

Table 4 also shows that the sampling distributtbrihe d statistic in three models is a Normal
distribution with E(DW) = 2 due tg:(DW) = 0 andy»(DW) = 3. This is an evidence of Durbin and Watson
(1950, 1951) when the samples are large enoughsddend property is that the higher the posipive the
more positive-skewed the sampling distributionsthef d statistic are. The small sample case in Table 3
explains that the different variance-covariancerixaissumption affect the effect of the autocotieta
coefficient on the sampling distributions of tHestatistic, that have different expected values attakr
coefficients as shown in Table 1, 2 and 3. Wherstdmples become large, Table 4 shows the sametegpec
value, variance and skewed coefficients among thmegels even through the kurtosis coefficient Igtle
bit different among the three models. Therefore, ldrge samples can eliminate the variance-covegian
matrix assumption and lead the three models torbeame model.

5. Conclusions

The paper runs computer simulation of serial cati@h test for an example of Durbin-Watson test
estimator when the errors have nonzero autocowelabefficient in first-order autoregressive modéle
try to compare three models to show the effect mizero autocorrelation coefficients on the sampling
distributions of thel statistic.

The results can be divided with three parts. Tte fesult is from the viewpoint of the sample size
We find that whatever the sample size is, the er@gegalues, variances, skewed and kurtosis coefiigi
have the same patterns of the autocorrelation icaaffs in three models, separately, but part ddiesare
not the same. We also find that the assumptiongaofnce-covariance matrix can be eliminated by the
increasing samples, therefore, the sampling digidhs of thed statistic have the same expected values in
three models whatever the autocorrelation coefitsiare. This result implies that in the long rilmee time
series models have the same expected values, @j1that are different from the small sample case tiu
the expected values of Model C.

The second result is from the view of the null hyyesis with zero autocorrelation coefficient. We
show that the higher the positive autocorrelatioafiicient is, the lower expected values and vaesnof
the d statistic are, but the higher the skewed and kigtooefficients are. There are reversed resultien
situation of the negative autocorrelation coeffitde The third result is from the perspective ofoigh
patterns of each coefficient. We shows that theatelation coefficients are negatively and ligar
related with expected values, inverted-U relateth wariances, cubic related with skewed coeffigeatd
U-quadratic related with kurtosis coefficients whte autocorrelation coefficient is from the minimuo
the maximum in three models whatever the samplesTdre three results can supplement the literatures
about the serial correlation test for an exampldefsampling distributions of thiestatistic.
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Appendix |

The model of Durbin and Watson (1950) is shownentisn 2. Based og,,, = 0 X & + 44, and

, the first error isg, = 4, and then substitute intg,, = pX &, + 4., and obtain the second error,

&= px &+, E(&)=0Var(g,) = (1+0%) x o?

Thus, E( Xé’z) P X 0° and the sampling autocorrelation coefficient @& tinst and second errors

p(&, &) :W-

Following the same calculated step, we can dehae t

E3= PXE* Uy = 07 X [+ PX [y + 1,

E(&)=0Var(g,) = (1+ 0+ p*) x 0%, E (g, X &) = px 1+ p7) x
(1+p )

\/(1+p ) (1+,02 +p4) ’

E, = PXEF Uy = P X [+ P X Uy + PX ly+ [,

E(s)=0Var(s,) :(1+,o +0+p )xa E(&x¢&,) :,0><(1+,02+,04) x g
[0+

(1+p2 +p4) ><(1+,02 +p* +p6) ’

P& 6) =

p(&85) :\/

Thus, the t+1th error is that

Ea = OXE oy =5 (0™ % p1)t=0,12,..T -1,

=

E(£.)=0Var(e,)= [Hzl((pz)”l"')jxaz,

=

E(gx&,)= pX(i((pz)”“)j x g,

(&)=
SRR EE )

If t becomes infinite, then
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2
Var(e) =7,
1-p
( )JZ
E(gtxgt"'l):px(l_pZ)’

P& Ea)=P

The values of independent variables are as follows.

Appendix |1
X1
1 8.3942796673,
2 11.0926182469,
3 11.5956287654,
4: 5.1294293068,
5: 10.0930459757,
6 10.7591584850,
7 11.6389242060,
8 8.9339369321,
9: 9.9655867410,
10: 13.8544611999,
11: 8.7572543061,
12: 11.4333746774,
13: 7.7931279457,
14 : 10.2407183608,
15: 14.3323237799,
16: 9.2031646401,
17: 9.6889534618,
18: 11.7050955005,
19: 9.1971260006,
20: 11.6707749148,
21: 11.0084985964,
22: 10.4393336651,
23: 9.2754712315,
24 11.0956560003,
25: 10.0791634122,
26: 8.3487204240,
27 : 6.8463525509,
28 : 10.2020988906,
29: 11.1117713869,
30: 12.0664318754,
31: 14.1141812980,
32: 14.4138413029,
33: 13.3645790169,
34: 9.5655683954,
35: 11.5832033625,
36: 9.6500026201,
37: 12.3330653338,
38: 8.6508259080,
39: 45136304186,
40: 9.8912177478,
41: 10.5036288232,
42: 11.5565815704,
43: 9.0099119726,
44 7.5743427980,
45 : 11.6365114336,
46: 11.1134974482,
47 : 10.3679908394,
48 : 7.9550202448,
49: 9.8991655726,
50: 13.3109816579,
51: 10.6629372996,
52: 9.8145247150,
53: 9.4802865631,
54 : 10.6029033874,
55: 11.7298865621,
56: 11.6520524994,
57: 8.7944443244,

X2
5.9743248114,
8.5865059254,
4.1842520567,
-2.0229243067,
2.9087056925,
6.2449255029,
9.8559733690,
9.6674110044,
3.0860552350,
10.0577880915,
1.5409028398,
8.2238421572,
9.7999622586,
12.0302431166,
9.4305408181,
10.3699880329,
18.4917329222,
9.2397083531,
9.7093882312,
10.4567343750,
12.7098983514,
20.4063934575,
8.4469984069,
19.5079769882,
16.6823583643,
7.3381429614,
8.3279194586,
27.1915803537,
11.2269060716,
16.8006310885,
14.8284107479,
19.1844447867,
9.4110987477,
4.8458408500,
12.2463389796,
18.1501333618,
13.0854669917,
7.4336577229,
12.2936868514,
8.4305240403,
7.2971005321,
8.4932003482,
8.7630513853,
14.2064111846,
6.9482916849,
13.0029282291,
7.5178716331,
7.9756557376,
10.0250753674,
13.0867379409,
20.0562925451,
6.1691472249,
12.5350409185,
15.0919249001,
10.1802191618,
13.4732923593,
7.7765307842,

X3
10.5433072070,
6.3276410268,
7.5754211833,
-3.7205994925,
-1.2463797401,
1.9952881995,
19.6769166275,
6.7274054640,
3.3136013263,
3.5409810319,
3.3691779308,
3.8054267172,
13.7500226003,
21.5510469818,
10.6476934619,
13.4563031661,
20.2756938987,
15.1044690444,
8.0743237967,
5.4346885708,
6.8381258406,
28.1712423189,
11.1884566405,
25.0650104995,
11.4975529785,
6.1028497337,
13.8199774185,
27.5917133148,
3.5639405330,
12.7379497272,
19.3868646899,
24.2918371048,
11.5351840149,
-0.5970340237,
16.83357328009,
20.0768361023,
10.3700300441,
3.3471939688,
11.2979665482,
5.5554726620,
6.5609778313,
13.4741026052,
8.6233918610,
9.6177663912,
9.2461095245,
17.7683519485,
6.9816044043,
16.6152281740,
1.0786738992,
16.2703335687,
18.1713161972,
10.8781016015,
13.4437574182,
17.3438740646,
10.5720358408,
15.1137069458,
13.3726243393,

X4
4.4919705977,
2.3013060649,
8.8748009076,

-1.9710922902,
-1.6367202069,

-1.5751044802,
20.4092287951,

6.5328385454,

1.7862885234,

-1.4431102299,
3.6215888116,
7.5846859124,
18.0159218476,
24.0161513894,
10.1736825488,
17.1566859980,
21.1204395704,
14.1883861443,
10.1626439416,
-0.9926995759,
4.2922825990,
25.2106896922,
16.2975452059,
33.9560034171,
3.6802821135,
10.1956370626,
12.8437508964,
29.9451507344,
-3.5779110472,
13.1094040242,
16.6036456738,
29.4721002588,
16.2980802028,
-5.1658276064,
12.3957409976,
26.4200908540,
3.1991677444,
-5.6158892589,
-4.2015056613,
2.9828278842,
4.1186668666,
12.2157823319,

21.5107027433,
14.9992214910,
10.7606715127,

10.2323919463,
5.0161344127,
12.9908386728,
10.1037433773,
6.9847587587,
25.4100266454,
15.9769454371,
12.5934461630,
19.9795003428,
13.6541262143,
19.6391088533,
0.4885322455,

X5
3.4547532369,
1.4194860328,
9.2966283694,

-2.1071922389,
-1.3437181198,
-2.6548128155,

21.7139250496,
5.6853699385,
2.9068953205,

-1.8569863686,

4.1015402009,
7.0073612155,
18.5204442419,
23.9080548620,
11.1187329437,
17.1761252852,
19.5081788708,
12.3015307628,
9.9055454481,
-0.2580358331,
5.9724619693,
27.0691680197,
15.6140416028,
33.8813717485,
3.6446917006,
7.8041414071,
10.8282376376,
28.9996646890,
-2.6505471172,
14.5127143598,
16.3620462244,
30.1116915480,
16.3960191979,
-3.2146578374,
12.6831959365,
26.6705510566,
3.3954099265,

-5.7818123740,

-4.3902967105,

2.9390925524,
6.6299078094,

12.5357982707,
21.2282336352,
14.1796342689,
13.7441068642,
9.4664227563,
4.0434035535,
12.8983318498,
10.7185910088,
7.2106934802,
26.7295197714,
15.0685888697,
14.2171197996,
20.9217770362,
13.0717268281,
19.8817273292,
1.5605716470,

X6
0.3660935162,
1.2979850825,
9.9319530606,

-3.9631068919,
-2.4391750503,
-1.4225324227,
21.3941172645,
5.5179365070,
2.7189989340,
-4.1283708796,
1.6426980000,
6.0419247516,
19.6681100550,
22.8212635916,
11.5326224000,
18.7154800011,
19.1797324594,
15.4676571064,
7.9878593242,
-0.7226713447,
9.0484380444,
24.3148963415,
16.8164249462,
31.1591859967,
-1.5133543254,
6.1380528833,
8.8860080326,
29.0885852288,
-2.4333384008,
19.0237276954,
15.8977919007,
32.1152744433,
10.9799564480,
-1.0457040390,
11.3378073349,
26.4265966911,
2.7978941630,
-9.0915191233,
0.3980143565,
2.0756327884,
5.0101628919,
13.2931521944,
21.0894539511,
13.9101853988,
12.3564493977,
10.6690435813,
6.9792018302,
13.2096870593,
12.5231682908,
6.7330443978,
30.9814884118,
13.9958726602,
15.6588514033,
24.7741874651,
13.3738621297,
22.6044071700,
1.3088040036,
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indepedent sample correlation coefficient------------

r(X1,X2)= 0.2859050169
r(X1,X3)= 0.2312889512
r(X1,X4)= 0.2005213829
r(X1,X5)= 0.2265887605
r(X1,X6)=  0.2167931260
r(X2,X3)= 0.7866728319
r(X2,X4)= 0.6583522828
r(X2,X5)= 0.6616447747
r(X2,X6)= 0.6699690814
r(X3,X4)= 0.8279580562
r(X3,X5)= 0.8262028589
r(X3,X6)=  0.8057327110
r(X4,X5)= 0.9937831984
r(X4,X6)=  0.9677570153
r(X5,X6)=  0.9770514117
Appendix 111

Table 3 shows the estimated line where we regrast eoefficient of thed statistic on the
autocorrelation coefficients in the autoregresshadels with T = 57, k = 6 and three variance-carare
matrices. Appendix Il shows the estimated functibeach coefficient and the corresponding resigial

Table A-l11. The estimated function and residual plot of eaméfficient in three models

Model A

Model B

Model C

X2= 2.00276415438656840000+ X2=
-1.64527441226274250000*X1"1+
0.02402413310483098000*X1"2+
0.04011142093775976700*X1"3+
-0.19569147005677223000*X1"4+
-0.07628797340541204600*X1"5+
1.96844828128814700000*X1"6+
0.47423921976266570000*X1"7+
-9.18280923366546630000*X1"8+
-1.92248008535207760000*X1"9+
23.28459286689758300000* X110+
4.14671876727263110000*X1"11+
-32.32774972915649400000* X112+
-4.30549033957667860000*X1"13+
23.28432893753051800000* X114+
1.69847563160714190000*X1"15+
-6.77781558036804200000*X1"16+

Estimat
ed
functio
n of X2

2.00285458297548760000+
-1.64470797005871040000*X1"1+
-0.00454932160209864380*X1"2+
0.00927235203368426130*X1"3+
0.16936979815363884000*X1"4+
0.28804339144714852000*X1"5+
-1.49353519082069400000*X1"6+
-1.72851022418154090000*X1"7+
6.88667500019073490000*X1"8+
4.85288819303698920000*X1"9+
-16.79043436050415000000* X110+
-6.98888725740226850000*X1"11+
22.59680891036987300000* X112+
5.07867236837829240000*X1"13+
-15.62164354324340800000* X114+
-1.47609063876583240000*X1"15+
4.34942269325256350000* X116+

X2=

2.00281731306768050000+
-1.64539365254915730000*X1"1+
-0.06201925780624151200*X1"2+
-0.09805036787599519200*X1"3+
0.04113501310348510700*X1"4+
-0.18425352406529782000*X1"5+
0.23702049255371094000*X1"6+
0.77233835506740434000*X1"7+
-21.15847778320312500000*X1"8+
3.66662154669757000000*X1"9+
270.37036132812500000000*X1"10+
-39.18330250936560300000* X111+
-1543.53515625000000000000*X1"12+
89.36592935863882300000* X113+
4213.85546875000000000000*X1"14+
-28.53425410110503400000* X115+
-4475.82812500000000000000*X1"16+

(HO 110 vesidual plot The esfimated Ine s X2=HOKI) s

00001023664 40000000108

X2

residual

57463 84742

(ot ergon tesidual ot The estimaled Ine Is 2=t10c1)
D= 0.0007364734 WSE=  0.0000000186

0001
0

5.399: HECT),
043 3.659977

H<)
T679740

residual

#4967

(ot ergon tesidual plot The estimated Ine Is 2=410c1)
D= 0.0000355195 WSE=  0.0000000013

H(c)
7807032

0.06693278714515330000+ X3=
0.00096872929498204030*X1"1+
-0.04520157202942237700*X1"2+
-0.00275858333043288440*X1"3+
0.02098693347819846600*X1"4+
0.05889438558369875000*X1"5+
-0.04170386898277911300*X1"6+
-0.55974376387894154000*X1"7+
0.10307001079297606000*X1"8+
2.80556001514196400000*X1"9+
-0.19054156384027010000*X1"10+
-8.35619109869003300000*X1"11+
0.10881430686413296000*X1"12+
15.06040996313095100000* X113+
0.19172376901815369000*X1"14+
-16.10446360707283000000* X115+
-0.27125440162717496000*X1"16+
9.41034364700317380000*X1"17+
0.07943948994756056000*X1"18+
-2.30899981409311290000*X1"19+

Estimat *®°

ed
functio
n of X3

0.06692745159035373700+
0.00100926802133471940*X1"1+
-0.04403440576186312700*X1"2+
-0.00818694464396685360*X1"3+
-0.02190339320600287500*X1"4+
0.17682791128754616000*X1"5+
0.56392564276029589000*X1"6+
-2.03245097398757930000*X1"7+
-4.36716125474777070000*X1"8+
12.71202158927917500000*X1"9+
18.62126043066382400000* X110+
-47.70089125633239700000* X111+
-47.93447231641039300000* X112+
111.62678289413452000000*X1"13+
75.95208441745489800000* X114+
-164.07429504394531000000* X115+
-72.36105220322497200000* X116+
147.18862628936768000000*X1"17+
38.04211827833205500000* X118+
-73.61198830604553200000* X119+
-8.50006912779645060000*X1"20+
15.73104691505432100000*X1"21+

0.06693905433940017200+
0.00112085084241542180*X1"1+
-0.14931126567535102000*X1"2+
-0.05720452920922980400*X1"3+
0.23701512813568115000*X1"4+
2.79059713566675780000*X1"5+
-5.54301834106445310000*X1"6+
-82.39533479511737800000*X 17+
162.23004150390625000000*X1"8+
1337.14645475149150000000*X1"9+
-2696.40917968750000000000*X1"10+
-12839.57588338851900000000* X111+
26713.79687500000000000000*X1"12+
75017.66387939453100000000* X113+
-160488.68750000000000000000* X114+
-261974.91619873047000000000* X115+
573819.75000000000000000000* X116+
502634.39389038086000000000* X117+
-1124086.00000000000000000000* X118+
-407490.87664794922000000000* X119+
929648.50000000000000000000*X 120+

97



Lee, M-Y., 2014. The Effect of Nonzero Autocorr@atCoefficients on the Distributions of Durbin-VBah Test Estimator: Three Autoregressive
Models.Expert Journal of Economicg(3), pp.85-99

(HEA) 8110 residual plot The estimated line is X3:

(HoXt). o tesidal ool The esfimated ine s X3-HOC

X3 residual o T et e e oot fasiduzl D= " 00000154305 WL 335t Bhthooa Fesidual D= 00000145410
2.2337. . 78611 43026
0
2.199: il HGC) -7.369 HEC) L1 [z R
0.02 0.066837 0 0.066833
ESt| mat X4= 0.25871634963780865000+ X4= 0.25874558828494687000+ X4= 0.25872414294541740000+
0.00190481592380820080*X1"1+ 0.00116615943989017980*X1"1+ 0.00218952529007765410*X1"1+
ed -0.08788307533168926400*X1"2+ -0.09370305367139275500*X1"2+ -0.28711437892281433000*X1"2+
. -0.00703720701858401300*X1"3+ 0.04326088697416707900*X1"3+ -0.11474610300501809000*X1"3+
fu nctio 0.04243934395884707600*X1"4+ 0.22944046422412612000*X1"4+ 0.09467011441657291500*X1"4+
n Of x4 0.16138683911412954000*X1"5+ -0.93365782871842384000*X1"5+ 5.82031850516796110000*X1"5+
-0.27570165432905469000*X1"6+ -2.57513941204121010000*X1"6+ 0.56867189035256160000*X1"6+
-1.52017983049154280000*X1"7+ 8.71797290444374080000* X117+ -174.21119821071625000000*X1"7+
1.41675009857317490000*X 18+ 15.23820672201236400000*X1"8+ 4.15725120907882230000*X1"8+
7.59491324424743650000*X1"9+ -43.85258543491363500000* X179+ 2847.46576309204100000000*X179+
-4.54018481299863200000*X1"10+ -50.98315056676892700000*X1"10+ -278.86300692148507000000*X1"10+
-22.45107614994049100000*X1"11+ 128.42374897003174000000*X1 11+ -27512.49142456054700000000* X111+
8.53803876909842070000*X1"12+ 99.67723387047044500000*X1"12+ 3717.06452841684220000000*X1"12+
40.04951357841491700000* X113+ -225.93347322940826000000*X1"13+ 161644.86083984375000000000* X113+
-9.34289753378470780000*X1"14+ -113.13078427802429000000*X1"14+ -21917.94077126681800000000*X1"14+
-42.32602667808532700000*X1"15+ 235.13924753665924000000* X115+ -567304.79101562500000000000*X1"15+
5.65262481257468610000*X1"16+ 69.18502820802859800000*X1"16+ 61310.82944253087000000000*X 1716+
24.40732628107070900000*X1"17+ -133.33349180221558000000*X1"17+ 1093264.07617187500000000000* X117+
-1.51321717932046340000*X1"18+ -17.67463392936110700000*X1"18+ -66382.15657681226700000000*X1"18+
-5.89714848995208740000*X1"19+ 31.75831666588783300000*X1719+ -889763.74609375000000000000*X1"19+
X4 e L e B GRSl T T L
8.4835. & 8.0567 8.4925 o
5|
8]
00
s__]
6.038! 0C1) e [IZ:(HX;% qu}
01 0.258726
ESt| mat X5= -0.00291216222649381960+ X5= -0.00156830864398216360+ X5= -0.00286740150323794300+
0.64867459781227588000*X1"1+ 0.66737813741740326000*X1"1+ 0.64842448632645633000*X1"1+
ed 0.04365262278588488700*X1"2+ -0.20871253625955433000*X1"2+ 0.06563797454873565600*X1"2+
. -0.23647712157747591000*X1"3+ -1.32277924744723660000*X1"3+ -1.23104680830800820000*X1"3+
fu nctio -1.35425623692572120000*X1"4+ 6.79747200198471550000*X1"4+ -5.01435196027159690000*X1"4+
n Of x5 3.78865170210141860000*X1"5+ 22.01213340540005000000*X1"5+ 26.79619901393743900000*X1"5+
16.48487353324890100000*X1"6+ -81.69792529940605200000* X176+ 285.35144710540771000000*X1"6+
-25.01537586234030600000* X177+ -160.22442125098451000000*X 177+ -726.24347742414102000000*X 177+
-98.04673397541046100000*X1"8+ 489.64396274089813000000*X1"8+ -8435.74569702148440000000*X 18+
92.79775447481188200000*X1"9+ 620.90964811027334000000*X1"9+ 11439.42840493843000000000*X1"9+
326.88679599761963000000*X1"10+ -1633.90411281585690000000*X1"10+ 139541.98205566406000000000*X1710+
-192.81265069143592000000*X1"11+ -1355.63317866927900000000*X1"11+ -112706.41110163927000000000*X1"11+
-636.72084188461304000000*X1"12+ 3180.45693492889400000000*X1"12+ -1372194.00341796880000000000*X1"12+
224.12265730113359000000*X1"13+ 1675.05565517320060000000* X113+ 701381.51682734489000000000*X1"13+
718.24755907058716000000*X1"14+ -3588.04350376129150000000*X1"14+ 8199799.37890625000000000000*X1"14+
-136.98606110438686000000*X1"15+ -1094.70251322849530000000*X1"15+ -2657743.19020271300000000000*X1"15+
-434.69468307495117000000*X1"16+ 2172.19306564331050000000*X1716+ -29211744.45312500000000000000*X1716+
34.89437117650823000000*X1"17+ 294.72894110489710000000*X1"17+ 5565915.56249618530000000000*X1"17+
108.77539741992950000000*X1"18+ -545.88428068161011000000*X1"18+ 57045139.81250000000000000000* X118+
-4919005.74142837520000000000*X1"19+
-47001062.00000000000000000000*X 1720+
X5 e L e B GRS o T L,
0003z “ 00282 L T N P e
Bloalos g ,,'w,:' ,,,,,,,,,,,,,,,,,,, ',-., ,,,,, O
- (. IR . SO .
0,018 Hocty 6.837: ] Hoct)
-0.004: HEd) -1.7174 0.803758 0.2370 0.230946
-1.4470 0.772709
Estl mat X6= 2.89526127138450340000+ X6= 2.88418800220961820000+ X6= 2.89872152014899020000+
-0.00659959714539581910*X1"1+ 0.16979065437044483000*X1"1+ -0.01385549449634027000*X1"1+
ed 1.05570823063877750000*X 12+ 2.41716662746390610000*X1"2+ 0.97876272603032277000*X1"2+
. -0.18524028745014220000*X1"3+ -8.24893121444620190000*X1"3+ 0.36579956805508118000*X1"3+
fu nctio -6.31489422979119030000*X1"4+ -33.18561544813537300000* X174+ -0.99048284207492276000*X1"4+
n Of x6 2.72991794068366290000*X1"5+ 107.87552714906633000000*X1"5+ -4.57714397413656120000*X1"5+
46.29017527471736300000*X1"6+ 241.93556902189965000000*X 16+ -10.86867282170240000000*X1"6+

-19.13156626373529400000*X 17+

-163.80979793266837000000*X1"8+
67.80064900219440500000*X1"9+
302.79609119648160000000*X1"10+

-614.07626396417618000000*X1"7+
-832.88981423954260000000*X1"8+
1776.00263896584510000000*X 19+
1465.67227544617090000000*X1"10+

-14.21063726395368600000*X 17+
5.41359898325275250000*X1"8+
808.61749762296677000000*X1"9+

521.00385404010342000000*X1"10+

-7131.31718730926510000000*X1"11+
-2755.07192750513650000000*X1"12+
25882.72533130645800000000*X1"13+
4364.86658143642130000000*X1"14+
-34396.09129142761200000000*X1"15+

-2725.72459515929220000000*X1"11+
-1272.83054430824970000000*X1"12+
2115.37847287952900000000* X113+
432.10185412653846000000*X1714+
-653.76943070068955000000*X1"15+

-125.60299882292747000000*X1"11+
-279.37539797732717000000*X1"12+
118.05200903117657000000*X1"13+
101.57023962263294000000*X1"14+
-45.09170855581760400000*X1"15+

98



Lee, M-Y., 2014. The Effect of Nonzero Autocorr@atCoefficients on the Distributions of Durbin-VBah Test Estimator: Three Autoregressive
Models.Expert Journal of Economicg(3), pp.85-99

Hoch.erron sesidualolo The estimated ine s Xe-H0C

101 HOX1),erron) residual plol The estimater line is Xb=H
e treo resigual - DR R WSE= i

X6 e (HEA) 8110 residual plot The estimated line is X6: )tesidusl of

=HE
D= 0.0040625948 N 3ot kboer resigual SRV

aqn1a)

HEh) HE)
288 6.938561 3039265

HOC)
5260014

Creative Commons Attribution 4.0 I nter national L icense.
CCBY

99



Expert Journal of Economics (2014) 2, 100-108
EJ © 2014 The Authors. Published by Sprint Investify. ISSN 2359-7704

Economics.ExpertJournals.com

On Market Economies: How Controllable Constructs Become Complex
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Since Léon Walras neoclassical economists hold an inalterable belief in a unique and
stable equilibrium for the economic system which however remains to this day unob-
servable. Yet that belief is the corner stone of other theories such as the ‘Efficient
Market Hypothesis’ as well as the philosophy of neo-liberalism, whose outcomes are
also shown to be flawed by recent events. A modern market economy is obviously an
input/output nonlinear controllable construct. However, this paper examines four
such models of increasing complexity, including the affine nonlinear feedback H.-
control, to show that the ‘data requirement’ precludes all attempts at the empirical
verification of the existence of a stable equilibrium. If equilibria of complex nonlinear
deterministic systems are most likely unstable, multiple or deterministically chaotic
depending on their parameter values and uncertainties, then society should impose
limits on the state space and focus on endurable patterns thrown-off by such systems.

Keywords: Equilibrium, nonlinearity, controllability, nonlinear feedback, H-con-
trol, complexity.
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1. Introduction

The basic assumptions of neo-classical economics are well-known, but this paper is mainly concerned
with a subset of these. For example, it is assumed that individuals and firms optimize under constraints; that
agents are rational and always have rational expectations; that the more connected are networks of individual
participants the less risky, stable and robust is the economic system, etc. Undoubtedly, the most misleading of
these assumptions, i.e., the one which is our main focus here, is the claim that market economies tend toward
stable equilibria (or an optimal Pareto state of balance). It is understood that such systems may be found away
from their equilibrium points as a result of exogenous shocks, but they will inexorably return to their equilib-
rium on their own power. As a consequence, therefore, policy gurus of neo-liberalism propagate other beliefs
to the effect that markets should be allowed to make all the major economic, social, and political decisions;
that the state should refrain from any attempt to control markets, or that even public institutions should be
handled over to corporations for the sake of greater efficiency, etc.

Strangely enough, after more than a century and a half not a single one of these assumptions has found
empirical support. Beside the observational judgment to the effect that economic agents are generally self-
interested and have strong monotone preference, most of those assumptions are wishful pronouncements. Yet,
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the equilibrium assumption, for example, though unobservable, is the foundations of both the ‘Efficient market
Hypothesis’ and neo-liberalism that have had and continue to have very undesirable outcomes, in the Western
economies in particular. These counterfactual results and the inability to sustain such a pivotal assumption do
not bode well for that social science. It would, therefore, be useful to reexamine a few models of market
economies so as to see why the stable equilibrium assumption has always escaped empirical verification re-
gardless of assumed models’ characteristics.

This paper consists of two parts. The first reexamines two linear models. That is the Walrasian pure
exchange model, and a controllable linear time invariant model. The former is incomplete but is simple to
analyze; its merit lies in the fact that it provides the first mathematical expression of the stable equilibrium
assumption. The latter stumbles on observability and linearity. More realistically, it is proper to suppose at the
outset that a modern market is a complex construct designed to facilitate exchange, which is more natural. It
should therefore be controllable. Hence, Part Il appeals to the recent but well characterized L,- gain analysis
of nonlinear systems and nonlinear feedback H-infinity control to examine two classes of nonlinear models,
one in the non-affine category and the other in the affine categories. All four cases show that the equilibrium
of market economies may well exist in theory, but will remain forever unobservable due to the complexity of
markets and /or due to the formidable data requirement for such an endeavor. In the concluding remarks, we
will then offer a few suggestions on how to navigate in complex systems.

2. Partl

In this section, we will review the Walrasian pure exchange (WPE) model and a controllable linear
time invariant (LTI) model. We will show, on the one hand, that the equilibrium of the WPE model can easily
be inferred but not easily demonstrated empirically. Though naive and unrealistic, it provides nevertheless the
justification for a set of beliefs that may still be blocking progress in the development of the neo-classical
theory of economics. The LTI model, on the other hand, completely shunts the unavoidable complexity of real
markets. Despite the unrealism of both models, however, their analyses are still worthwhile, for they clearly
show that their data requirement precludes all attempts to characterize a stable equilibrium.

2.1. The Beginning

The model conceived by Walras from observing the functioning of the ‘Bourse de Paris’ is that of a
pure exchange economy. It supposes there are i consumers (i € m) of j goods (j € n). Each consumer devotes a
fraction oj of his or her budget (B) to good j such that Zjo; = 1. The budget of i comes from the sale of
endowments 'j such that the demand of i for good j is X' = o; (B) /pj, where pj is the price of j. Walras supposed
a one period market. Hence in the neighborhood of the equilibrium point, we have a first-order linear differ-
ential equation:

X =dg (1/x) [A —dg (Zjey)] X 1)
= dg (1/x;) [M] x,

where x ¢ X ¢ R"is the state vector, and [A — dg (X®;)] = M nxn. For the derivation of (1), (see Dominique,
2008).

Equation (1) is an input/output construct (with inputs Z; o; and output x € X £ R") driven by incentives
to minimize excess demand of all goods j.

For a solution, Walras posited a tdtonnement process controlled by an auctioneer. Had he taught of an
exogenous supply rate for a sequence market, (1) would have been written as,

x=Mx, xeXeR", x(0)=xo>0as initial condition, (2
and (2) would have been represented by a linear system of differential equations whose solution is:
X () =eMtx, 3)

where e Mtis an n x n matrix function defined by its Taylor series, provided of course that M is invertible.

If M were a real invertible matrix of order n x n, it would be called a Metzler matrix with k lines and
I columns, and element m ;> 0 for k = I. Put simply, M would be a positive matrix if all non-diagonal elements
were non negative and it would then preserve the non-negativity of the state vector. The condition my,;> 0, k
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# | is necessary, while the stronger condition m ;> 0, k = | is sufficient for a nonnegative solution. Hence,
starting from any nonnegative initial X, (= price po), the solution (3) would remain nonnegative.

Generally, if M is a nonnegative matrix, then for some constant b > 0, the matrix D =b | + M is also
nonnegative and has Frobenius-Perron eigenvalue L, > 0 and a corresponding positive eigenvector Vvo. It fol-
lows that Ao = o — b, (b € R+) is an eigenvalue of M. A, is real and is the eigenvalue of M with the largest
negative real part; it is therefore the dominant eigenvalue of M. Two important conclusions would be drawn
from this sort of transformation. That is: 1) it would be possible to translate all results of nonnegative matrices
to equivalent Metzler matrices, and; 2) it would follow that A is real and X, > 0 such that M X, = Ao X, and for
any other A = Ao, the Re (1) < Re (Ao). This would guarantee a positive and stable equilibrium point for (3)
without, of course, any guarantee that it would be easily observable.

At first sight, the equilibrium point of a pure exchange market economy is a unique and stable fixed-
point. This finding is also responsible for a real ‘déformation professionnelle’ in economic thinking. For even
when production with delays and time-to-build and increasing returns are added, even when endogenous
money and financialization are included, or when faced with nonlinearity and myriads of interconnections
(including false signaling), economists remain fixated on an inexorable unique stable fixed-point despite the
warning of the Sonnenschein-Mantel-Debreu-Theorem (Sonnenschein, 1972, 1973; Mantel, 1974; Debreu,
1970, 1974). In fact, it is obvious from (3) that the equilibrium x* = f (X; o, ®) depends on the distribution of
the sets o and o, i. €., on revealed preferences and supply. Even if M is invertible, changes in budget distribu-
tions /or in the supply rate would cause x* to wobble and to elude measurements in the state space since it
would be undistinguishable from a transient point. But M is not invertible in the Walrasian system. If we were
to write down the augmented matrix M and then use the Gauss-Jordan elimination to find the reduced row-
echelon form of the augmented matrix of M, we would find a free variable. Positing x as the price, and knowing
that the rank of M is (n-1), then the values of the (n-1) prices would depend on the value assigned to the free
variable. That free variable would then be the numéraire, whose arbitrary values would yield infinite stable
solutions. This is not all however. All the elements of M are functions of o and . Hence, as the distributions
of the sets of preferences coefficients and endowments are constantly changing, even with a complete set of
data at a given point in time, by the time it would take a super computer to compute x*(.), it would have already
changed.

Although non observable, the stable equilibrium assumption gave substance to the Quantity Theory of
Money, to Adam Smith’s metaphor of the invisible hand as well as to the obsession with a stable equilibrium
found in all other results popularized by Bachelier and the Chicago school. As regards the latter point, it should
be noted that the deterministic wobbling motion is confused with Brownian motion; that is the first grave error.
As we will show shortly, in real market economies, stable equilibria are not guaranteed; that is the second
error. And both cast a serious doubt on the validity of the claims transposed in extenso to real markets. All that
can be said is that the Walrasian construct is a reflexive and therefore controllable system; indeed, the sets of
admissible controls are the distributions of a.and ®. But in a perfect market each agent has only an infinitesimal
influence on the control set, while collections of them are unlikely to act in unison. Hence despite the mathe-
matical reasonableness of the stable equilibrium assumption in that incomplete model, it still cannot even be
verified empirically, in particular if n is a large number. What is then the justification to carry it over to a
nonlinear and complex system such as a real market economy?

2.2.A Linear Time Invariant Model

The feedback optimization procedure considered here rests on three basic concepts. That is, multi-
inputs-multi-outputs linear time invariant finite-order systems; internally stable feedback; and system norm.
In addition, there is the concept of ‘well-posedness’ of the optimization problem ensuring that the optimization
algorithm does not break down. The aim of the optimization process is to find an LTI feedback controller that
stabilizes the feedback system and minimizes the closed-loop system from the exogenous input stream to the
cost of producing the output.

Consider now a market economy, E, represented by an LTI model defined by finite dimensional state
space model:

() = Aux () + Ar o () + As C (©) (4)
0()=Cix () + C2o () + Csc (1) (5)
y(®)=Dix(t) + Do (V). (6)
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Equations (4) to (6) describe an input/output economy E with an input partitioned into 2 vector com-
ponents, o (t) and ¢ (t); o (t) represents a set of exogenous inputs, and c (t) is both another input to E and the
output of the controller K. The output of E is also partitioned into 2 vector components, o (t) representing the
guadratic financial and thermodynamic costs of producing the output, while y (t) is the output to be measured
and to be manipulated, which is also an input to the controller K. System E has the properties of linearity and
time invariance. Linearity means that if o1 (t) —yi1 (t) and o2 (t) — y2 (t), then a1 o1 (t) + a2 w2 (t) > a1 y1 (t) +
a2 Y2 (t) (ai € N+). Time invariance, on the other hand, means that if  (t) — y (t), then © (t - 1) = y (t - 7).

The controller K is an LTI model defined by a finite dimensional state space model of the form:

Xk ()= AXk () + Bry () (7)
Ck () = Cxu () + Diy (1) (8)

The coefficient matrices A;, Ciand D; in ((4)- (6)) are expected to be known, while coefficient matrices
Ay, By, Cx and Dy are to be designed or found by the optimization algorithm.

Equation (6), the input to K, does not include the controller’s output ¢ (.). Then system (4) - (6) defines
a closed-loop state space model of the form:

e ()= Acl X () + Ba o () 9
0c () =CaXa(.) + Daw (), (10)
where
A1+ Az D D1 AsCk A1+ Az DiD;  AsCyk
Xo =[x X]T, Aa= y Ba= , Ca=[C1+C3D; D1 C3Cy]
Bk D1 Ax Bk D1 Ax Do = [C2 + C3 Dk D3].

For the controller to be stabilizing, the matrix Aqg must be a Hurwitz matrix.

The real-valued functions of the feedback design, specified in (9) and (10) are to be minimized with
respect to the controller K, subject to the constraints of well-posedness and stabilization. The H-infinity norm
is the task of minimizing the H., norm || G | of the transfer matrix G. The matrices A, Ci, Di must be known
but they must also be subject to the following conditions to ensure that they are suitable for the feedback
optimization. That is, i) the pair (A1, As) must be stabilizable, meaning that there exists a P matrix such that
[A1 + A3P] is a Hurwitz matrix; ii) the pair (A1, D1] must be detectable, meaning that there exists a Q matrix
such that [A: + Q D4] is a Hurwitz matrix; and iii) the optimization procedure must be minimizing and satis-
fying the condition of existence of a minimizer (not discussed).

It should be noted at this point that the input set cannot be measured accurately due its sheer size and
the presence of intangible inputs for which there is no metrics, and similarly for the output set y (t). Part of the
difficulty stems from the fact that x € R", ¢ ¢ R™, and ® € RY, while the matrices A;, Ci, Di, P, and Q, etc., are
unknown. If initial conditions and the rank of these matrices are unknown, we cannot claim to know everything
about the dynamic behavior of x (t) from information from output measurement. Put more simply, stabiliza-
bility and detectability being the sine qua non conditions for the claim of a stable equilibrium, hence, the data
requirement is too demanding to demonstrate the existence of a stable equilibrium in areal LTI market system.
Furthermore, a market economy with positive and negative feedbacks is almost surely nonlinear.

3. Partll

3.1. Feedback Non-Linear H-Infinity Optimization Theory

This section examines two solution concepts in the theory of robust and optimal control of nonlinear
systems based on the Hamilton-Jacobi Equations. These equations are a special case of the Hamilton-Jacobi
Bellman equations representing a necessary condition describing extremal geometry in generalizing problems
of the calculus of variations. The Hamilton-Jacobi inequality (HJI) plays an important role in the study of
various qualitative properties of controlled dynamical systems such as stability, invariance and optimality. If
a solution to a certain generalized HJI exists, then it is a sufficient condition for stability. The Hamilton-Jacobi-
Isaacs equations (HJIE), on the other hand, are the nonlinear version of the Riccati equation studied in the H-
control problem for linear systems. We will focus on the contributions of Aliyu (2011) who summarizes all
relevant topics on the subject. In particular, he shows (via state feedback H.-control problems for affine non-
linear systems that use the theory of dissipative systems (developed mainly by (van der Schaft, 1991; Bazar
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and Bernhard, 1995) that significant progress had been made. For, van der Schaft had already shown that for
time-invariant affine nonlinear systems that are smooth, the state feedback H..-control problem is solvable by
smooth feedback if there exists a smooth positive semi-definite solution to a dissipation inequality. The non-
affine and affine cases considered by Aliyu will suffice for the present purpose, which is to show the necessary
and formidable ‘data requirement’ faced by the would-be controller of the economy.

3.2.Generalities

During the 1960s and 1970s, economists were encouraged by the World Bank to build large general
equilibrium models, which produced mainly insignificant results. During the 1990s onward, economists
switched from linear H-infinity control developed by Zames (1981, 546-559; Francis (1987), among others, to
the theory of nonlinear H-infinity control based on the efficient solution of the Hamilton-Jacobi equations
(HJE) and on Hamilton-Jacobi- Bellman equations (HJBE) that extended the contributions of both Euler and
Lagrange. The nonlinear case is mainly the contributions of Isidori (1997; Isidori and Astolfi (1992, pp.1283-
1293) and others (Doyle, Glover, et al., 1989, pp.831-847; van der Schaft, 1992). In this paper, we will be
guided mainly by the work of Aliyu (2011, p.133) who argues that the theory of H-infinity control becomes
really useful when faced with a Hamiltonian that is independent of time. In that case, it is then possible to
separate the variables in the HJE. Subsequently, it was recognized from the calculus of variation that the var-
iational approach to problems of mechanics could equally be applied to problems of optimal control.

The H-infinity optimization problem is formulated in terms of efficient design of a stabilizing control-
ler K (s) that minimizes the H. -norm of the closed-loop transfer matrix (G, .,) from the input set o (t) to the
output set o (t) for a given system E, defined by some state-space equations.

The term H., -control refers to the mathematical space over which the optimization takes place, which
is the space of matrix-valued functions that are analytic and bounded in the open right half of the complex
plane. The H. -norm, on the other hand, is the maximum singular value of the function over that space. The
H. algorithms solve suboptimal controller design problems formulated as that of finding a controller for a
given p > 0 that is capable of achieving the closed-loop L>-gain I1G,., I< p if it exists.

As regards the nonlinear equivalent of the linear H.. -control problem, van der Schaft has shown that
for time-invariant affine nonlinear systems that are smooth, state feedback H., -control problems are solvable
by smooth feedbacks if there exists a smooth positive semi-definite solution to a dissipative inequality, or
equivalently, an infinite horizon HIB-inequality, which is the same as the Hamilton-Jacobi-lsaacs (HJI)-ine-
quality found by Basar. The solution of the output-feedback problem with dynamic measurement feedback for
affine nonlinear systems was achieved by Isidori (1997; Ball, Walker, et al.,1993, pp.546-559), among others.
Most of these developments are succinctly summarized in Aliyu who has also examined in dept a series of
nonlinear affine and non-affine H., -control problems. We will consider two of Aliyu’s problems here. The
first, the state feedback problem, represents the kind of problems studied by economists in the 1980s. The
second arises when the states of the system are not available for feedback or when the output is used for
feedback. It is then called: Robust output measurement feedback nonlinear H.~control. It is a more elaborated
model in the affine category that includes uncertainty and parameter variations. It seems to be a better repre-
sentation of the real market economic. We now consider the first.

3.3. The Non-affine Case

Consider a system or a market economy E with two types of inputs: w(t) as a collection of exogenous
disturbance inputs, and input c(t) (the output of the controller), which becomes the input to the actuator driving
E. The main difference between o (t) and c (t) is that the controller can manipulate c (t) but not o (t). E has
two outputs: o (t) (the cost performance output), and y (t) (the measured output); the latter is both an output of
E and an input of the controller; and both outputs are to be measured and regulated.

The problem here is to find a controller K (s) for the generalized E (s) such that the infinity-norm of
the transfer function relating input o (t) to the performance output o (t) is minimized. The minimum gain is
p*. If the norm for an arbitrary stabilizing controller is p > p*, then the E(s) is L»-gain bounded. In control
theory, a system »_ with input o (t) and output o (t) is said to have L,-gain less or equal to p if VX e N < X, 3
K (x) (0 <k (x) < oo, k (0) =0) such that fo* [|o() || <p?fe” ||®| 2+ k(x), Yt >0, Vo (t): x(0) = 0, and k (x)
is a remaining part of the integrals from t to oo. This leads to the concepts of available storage and storage
function. Then Y has L,-gain < p if N=X. Applied to economy E, L,-gain is a performance measure. To solve
the H..-control problem one starts with a value of p and reduce it until p*is reached.
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To construct a typical state-feedback H.-control problem for a general class of non-affine non-linear
systems, we follow Aliyu (2011,p. 131). Here, the plant problem is compared to economy E (t) with inputs o
(t) and c (t), and outputs are o (t) and y (t); and the controller K (s) represents a set of policies and technologies.
Thus the nonlinear system is defined on some manifold X < R" containing the origin, expressed in local co-
ordinates xi, i € n. The state-space equations are:

x=F (X, »,C)
E():{y=x (11)
0=0(%,¢), X(t)=Xo,

where the variation of market price dp /dt is represented by %, and x (.) < X is the state vector. In addition, c
(.) e C < RYis a g-dimensional control input belonging to the set of admissible controls C; o () e W < R® is
the set of inputs to be tracked, which belong to the set of admissible disturbances; y (.) € RR" is the measured
output of E; and o € R" is the performance output to be controlled. Further, F (X; ®, ¢): X X W X C— Z* is the
state dynamics function; O (X, ¢): X x C — R' is the controlled output function, and the controller to be
synthesized is referred to as K (.). Finally, the functions F (.), and O (.) are assumed to be smooth C* (k > 1)
functions of their arguments, and the point x = 0 is assumed by economists of the 1980s to be the unique
equilibrium point for E such that F (0,0,0) = 0, O (0,0) = 0 (see Scheinkman, 1976, pp.11-30; Boldrin and
Montruccio, 1986, pp.26-39; Benhabib and Nichimura,1979, pp.421-444; Blatt, 1983).

On the assumption that O (X, ) is linearizable, the matrix 0 O / 0 ¢ has full rank 1. Letting T* be the
cotangent bundle of dim 2n, the Hamiltonian function for the economy E is: H: T* X xW x C —> R as:

H(x, Lo, c)=1"F (X o,c)+(1/2)I0 (x, c)2 - (1/2) pllal?. (12)

Equation (12) is locally concave with respect to o and locally convex with respect to ¢ near the origin,
which is also the equilibrium point. Hence, there exists a unique saddle-point (o, ¢) for each (x, l) near the
origin zero. From the rank 1 and the Implicit Function Theorem, there exist smooth functions o*(x, ) and c*(x,
1), defined in the neighborhood of the point (0, 0) such that v*(0, 0) = 0, ¢*(0, 0), satisfying:

OH (x,L, o*(.),c())/ow=0(x, 1, ®*(.), c*(.))/oc)=0. (13)
Further, suppose there exists a non-negative C! function Z*: X —, satisfying the inequality:
H*(X, Z<" (\)) = H [(X, Zx"(X), @*(X, Zx"(X), c*(X, Zx' )] < 0. (14)

Then the feedback law is *= o (X, Z«'(.)), ¢* = ¢ (X, Zx"(.)). Substituting c* = ¢ (x, Zx"(.)) in (11)
yields the closed-loop system, satisfying:

ZT(X) F (X, ®, €*(X, Z<(x)) + (1/2)I0 (X, c*(X, Z(x)I? = (1/2) pAlol? <0, (15)

which is dissipative with respect to the supply rate S (o, 0) = (1/2) [p?lol? -lol? with storage function Z in the
neighborhood of (X, ®) = (0, 0), and p € R++. In this case and the following one, dissipation with respect to the
supply rate means that a part of input energy is dissipated in the form of heat and waste.

Obviously, in a physical system, control engineers would measure the variable (usually a unique sig-
nal) with a reasonable accuracy. In a social science, on the other hand, this task is much more difficult. For all
intents and purposes, the set o is infinite and contains intangible elements such as agents’ confidence for which
there is no metric. As the Hamiltonian is dissipative in conformity with the Second Law of thermodynamics,
the function Z: X — R exists, but it and all other functions, including the optimal feedbacks w*(.), and c*(.),
are unknown. Hence, the controls cannot be synthesized to guarantee the existence of a stable equilibrium.
Further, the above problem neglects important features of a real market economy. For example, what Aliyu
calls “‘un-modeled uncertainties’ contain parameter variations (already discussed in (3)), and uncertainties aris-
ing out of the measurements of certain intangibles such as ‘herd behavior’, consumers’ confidence, etc, that
are sets in (-1, 1). Perhaps for all these reasons, the economists that ventured into optimal control never suc-
ceeded in either observing or demonstrating empirically the existence of an equilibrium point. To add more
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realism to (11), we consider another Aliyu’s model (p.153), which is also discussed in Frieling et al., 1996,
pp. 264-269; Anderson et al., 1998, pp. 1559-1593).

3.4. The Affine Case

For the more realistic affine case, consider an affine robust measurement feedback nonlinear H..- con-
trol economy shown in Figure 1. This time, there are 3 inputs to E: The exogenous inputs e (t), the output of
the controller c (t), and the output of the set of uncertainties d (t) that bypasses the controller. Economy E has
3 outputs: o (1); y (t) which is an input to the controller; and b, which is an input to the set of uncertainties. The
state-space equations are:

x=f(X)+Af (X, U, 1) + G1(X) ® + [G2(X) + AG2 (X, u, t)] C
E: L 0=G3(X)+Ga(X)cC (16)
y =[Gs(X) + AGs (X, U, t)] + Gs (X) ©; X(to) = Xo

As before, the state vector is X € X; ¢ € C < RY, i. e. a g-dimensional controlled input belonging to the
set of admissible controls; @ e W c R°e L2 (\); y € Y < RP is the measured output of E; and o € RV is the cost
performance output of E to be controlled. Further, F (X, o, ¢): X x W x C — Z* is the state dynamics function;
O (x, ¢): X x C — RVis the controlled output function. The set of parameters that are susceptible to variations
over time is u ¢ U < R°, while Af, AG,, AGs ¢ ¥ are unknown functions belonging to the set of admissible
uncertainties. The real C* functions are:

Gi(X): X > Mnxs(X); G2 (X): X = M nyq (X)

Gs (X): X —> RY; Ga (X): X = M yxq(X) (17)
Gs (X): X > RP; Gs (X): X — M xs(X).
o (1) > > 0 (1)
d () c)—  E@) >y () b @
0
) v () < o

Figure 1. Robust Measurement Feedback Nonlinear H-infinity Control Economy E.
These are subject to the following conditions of the system matrices:

i) GsT() Ga(.) = 0= Gs(.) Gs" () (18)
i) Ga™(.) G4 (L) = 1 = Gg () Ge™(.),

where T indicates the transpose operation, and | is the identity matrix. Condition i) supposes no feedback
between o(t) and o (t); condition ii) implies that the control weighting matrix is identity for the norm function
0 (t). It should also be specified that Af: X — Z*(x), where Z* is the vector space of all C* vector fields in X;
AG3 (.) > Munxq (.), and AGs: X — RP.

The task now is to find a dynamic controller for E such that the closed-loop system has L,-gain (en-
ergy) locally from the disturbance input o (t) to output o (t) that is less or equal to some prescribed p* > 0 with
internal stability for all admissible (Af, AG,, AGs) ¢ W and for all potential parameter variations u ¢ U g R®.
Aliyu has shown that to characterize ¥ some 6 additional matrices of appropriate dimensions are required. For
the present purpose it suffices to say that it would be exceedingly difficult, if not impossible, to characterize
¥ in economics.
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To solve the affine-robust-measurement-feedback-nonlinear-H..-control system, many other condi-
tions must be satisfied, such as observability and zero-state detectability, i. e. both f, and Gz must be locally
detectable. By zero-state observable, it is meant 3 Q < X containing X, = 0 or that any trajectory starting at X,
inQ,c(t)=0,y(t) =0, Vt>t, implying x (t) = 0. The nonlinear system E is locally zero-state detectable if 3
N c Xnearx =0suchthat V X (t;) e Nif o (t) =0, ¢ (t) =0, Vt>t,, implying lim ., » X (t, to, Xo, €) = 0. The
system is zero-state detectable if N = X. As it can be seen, there is no hope that these conditions could ever be
satisfied for economy E, and there is no point discussing them further, except to say that, more importantly,
there must be a smooth positive semi-definite function Z* near the origin that satisfies the Hamilton-Jacobi-
Isaacs equation:

Z()F () + (12) Ze5() [(1p2) (Ga() G1T(2) + Ha(X) H2"(X) — Ga(x) G2"(X)] Z< () + (1/2) G3™(.) Ga(.) +
(1/2) E1(.) Ei"() <0, (19)

where Hz(.) and E;(.) are two of the matrices that characterize the set of admissible uncertainties V.

It should be recalled at this point that our task is not to dwell into the intricacies of stabilizing a con-
trolled economy but to show how difficult it would be to do so. Real market economies do not satisfy the
properties of superposition and homogeneity due to friction, adjustment costs, cooperative and competing
parts, myriads of interconnections, etc. They are obviously nonlinear and very complex. This is not to say that
they are impossible to stabilize, but first optimality would have to be defined and second synthesizing policies
in a rivalrous and pluralistic society would have to be found. But it should be borne in mind that, additionally,
real modern markets face a measurement problem due to the lack of proper metrics. The data requirement
representing myriads of interconnections is visible in the matrices M nxs, Mnxq, Myxq, Mpxs, and six more
needed to characterize the set of uncertainties. All we know is that economy E is a nonlinear dissipative
system. It is now well-known that such systems may have multiple stable equilibria, unstable equilibria and a
‘strange ‘attractor’; the latter is known to have a countable set of periodic orbits of arbitrarily large period, an
uncountable set of aperiodic orbits, and a dense orbit. To assert that economy E tends toward a unique and
stable equilibrium on its own power when: a) X, cannot be assumed to fall in some local stable manifold, or b)
the equilibrium cannot be characterized empirically, or c) the system frequently produces undesirable out-
comes, reflects “une grave déformation professionnelle’.

4. Concluding Remarks

Orthodox economists are firmly attached to the idea that the economic system, by its very nature, must
be a stable system even though no stable market economy has ever been observed. Yet, the notion of stable
equilibrium remains the corner stone of both the ‘Efficient Market Hypothesis’ and the philosophy of neo-
liberalism. The collapse of Western economies in 2007-2008 is an additional demonstration of the fallacy of
that belief. The question now is that, as a group, economists are well versed in empirical research, why then
do they hold such an inalterable belief in unobservable stable equilibria?

This paper attributes this preoccupation to three causes. That is, the Walrasian pure exchange econ-
omy; the fact that market economies, being social constructs, are theoretically controllable; and the total ne-
glect of the analyses of complex systems. This paper shows that the Walrasian pure exchange economy, where
the notion of stable equilibrium found its first mathematical expression, may be a fine exercise that is never-
theless far-removed from the complexities of areal market economies. Indeed, market economies are social
constructs designed to facilitate exchange; they should, therefore, be controllable in theory. The paper then
uses the new advances in affine and non-affine nonlinear feedback H-infinity control theory to show that the
lack of proper metrics and the data requirements preclude all attempts at empirical verifications. Moreover,
market economies are nonlinear systems subject to multiple interconnections, parameter variations, and un-
certainties. Their equilibria may be multiple (as ascertained by the Sonnenschein-Mantel-Debreu Theorem),
unstable, and deterministically chaotic. All depend on uncertainties and parameter values. Sensitivity to pa-
rameter variations, for example, means that minuscule changes here may produce unpredictable and huge un-
desirable results there. In addition, if the attractors of such systems are non-hyperbolic, then their outputs are
extremely sensitive to noise. It then follows that in market economies, where information sets of participants
are incomplete, observed outputs contain a noisy component that cannot be filtered out and therefore output
measurements are bound to be spurious. Faced with complex systems, it is futile to attempt to establish causes
and effects. Rather, it is wiser to start with policies defining the embedding space and then to look for correlates
in observed and enduring patterns thrown-off by such systems.
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Willingness to Overpay for Insurance and for Consuf@redit:
Search and Risk Behavior Under Price Dispersion
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When income growth under price dispersion redubestime of search and raises
prices of purchases, the increase in purchase prigebe presented as the increase
in the willingness to pay for insurance or the imijness to pay for consumer
credit. The optimal consumer decision represents ttade-off between the
propensity to search for beneficial insurance onsemer credit, and marginal
savings on insurance policy or consumer credit. &iratice dispersion the indirect
utility function takes the form of cubic parabolahere the risk aversion behavior
ends at the saddle point of the comprehensive amsar or the complete consumer
credit. The comparative static analysis of the $adubint of the utility function
discovers the ambiguity of the departure from nskurality. This ambiguity can
produce the ordinary risk seeking behavior as welmathematical catastrophes of
Veblen-effect’'s imprudence and over prudence ofijaaitruism. The comeback to
risk aversion is also ambiguous and it results agitim increasing or in decreasing
relative risk aversion. The paper argues that tleerdasing relative risk aversion
comes to the optimum quantity of money.
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Veblen effect, family altruism, mathematical catzste.
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1. Introduction to Indirect Utility Function of Satisficing Optimal Decision

The analysis of the consumption-leisure chdicdJ(Q,H) with respect to the wage rate
and to the purchase price reduction and marginéhgs got from the search, or to the vafilRicS,
can be presented as the static photograph of arstitie dynamic satisficing decision procedure.
The satisficing consumer decision procedure ignores unacceptagle gricesPs; it starts at the
reservation level of labor inconvelo and finishes at the purchase price leRetwlL< wlLo, where
the satisficing procedure resultsaptimal decision because it equalizes marginal costs of search
with its marginal benefit and that equality prosdéhe maximization of the utility function
(Malakhov 2014). The use of the trulglative price, i.e., purchase prider with regard to the time
of searchS or tothe given place of purchase, gives new economic explanations for some anomalies
of behavior like endowment effect, sunk costs gy, little pre-purchase search of big ticket
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items, and, finally, Veblen effect and money iltusi From the point of view of the problem
maxU(Q,H)subject tow/oP/0Skons=Q/0L/OS, where the valuéP/oS.onst represents the given place
of purchase and the vald&/oS represents thpropensity to search, i.e., propensity to substitute
labor L for searchS the constraint is created by the core equalitynafginal values of search
derived from the satisficing decision procedure:

oL __oP
W_S_QE 1)

The equilibrium pricePe becomes equal to the sum of consumers’ labor cektand
transaction coswS or Pe=w(L+S):

QU/OH __ w
0U/0Q  oP/0S

oL /0SOH = —— 2~ W -

- w
ToP/0S w(L+S) P

(2)

where the valueT=1/6’L/0SOH represent the time horizon until the similar pusghaor the
commodity lifecycle.

As we can see, the Equation (2) specifies the parémmulated by P.Diamond that when
search costs are positive the equilibrium priceobexs equal to the monopoly price (Diamond
1971). Moreover, the Equation (2) gives anothewva@e home production where G.Becker’'s model
is still the dominant vector of analysis. Indeddye consider the household activity to be a specif
form of search, the equilibrium price for the firmbduct or thevillingness to accept will be equal
to the sum of purchase price of inpbts i.e., of labor coste/L, and transformation costsS

Although the original values of the mod#P/0S and oL/0S look unusual, their modeling
tries not to forget the testament of A. Marshalowold that Wwhen a great many symbols have to
be used, they become very laborious to any onghbutriter himself(Marshall 1920[1890], p.12).
Sometimes such relative values are indispensaldpecelly when the original G.Stigler’s
assumption of the diminishing marginal efficiencly search (Stigler 1961) is usedP{(0S<0;
0?P/0S?>0), or when the behavior of the propensity to seascHerived (@L/05S<0; 6°LI0S<0)
(Malakhov 2014). However, the understanding of ¢hesative values can be simplified by the
graphical illustration of the interrelation betweetatic Qvariable;0P/0Sons) implicit optimal
decision and dynamicQconsi OP/0Sariabie) €Xplicit satisficing decision (Fig.1):

)
1
1
1
1
1
i
1
H* L+s T H S

Figure 1. Implicit optimal decision and explicit satisfigmlecision

In addition, the satisficing decision increasesl| fealances because the Equation (1)
maximizes the precautionary reserve of money hgtiR(S)=wL(S)-QP(SWyith respect to the time
of search.
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The presentation of relatives values in absolutege pP/0S| and PL/6S| simplifies their
mathematical treatment without logical losses. Tadic facilitates the comparative static analysis
and we can easily derive marginal utilities of mpneome and money expenditures with respect
to optimal values of consumption and leisure (Matak2013):

MU, = A; (3.1)

A—N__ (32
|0P /3S|

MU pP/OS

The analysis of the second order cross partiavdtves, i.e, the change in the marginal
utility of received money income with the changela# place of purchase, &MUy, /0|0P/0S|, and
the change in the marginal utility (disutility) die habitual place of purchase with the change in
money income, 06MUyppis| /ow, results in the equation that demonstrates thenbeh of the
marginal utility of money under the optimal consuiop-leisure choice:

€. 1opies|t €,w = opiosiw-1 (4)

Under the assumption of the diminishing efficienoly search the elasticity of price
reductionegeres|w illustrates both the increase in thlingness to overpay and the decrease in
time of search after the increase in the wage ({8R/0S|>pPi/0S|=2 Pi>P;;S<S)). Hence, it is
always positive. When the value of the elasticitprice reductioreesriss|wis equal to one, we have

e,jopies|t €,w =0 (5)

The Equation (4) also enlightened the way for t@garative static analysis of the indirect
utility function where subsequent satisficing demris optimize consumption-leisure trade-offs with
respect to changes in both parts of the constrahe.increase in the wage rate moves consumers
from low-price stores to high-price stores. Indebé, Equation (4) shows us that the indirect wtilit
function depends on two variables in the followmgnner:

V(W [oP/0S])= v(w|oP/oS|(w)) (6)
The total derivative of this utility function gives the following:

v, OV 0loP/os],
dw st 919p 195 w
dv w  9|9P/aS|
Log-2 =A(1-
dw |0P/0S| ow (A= &piog)

dv(w,|OP /S | (W)) = dw( @)

We see that when the price reduction is unit eldstires|w=1), the Equation (5) takes place
and the utility stays constant, dv/dw=0 And the following choice of the purchase priceichhs
accompanied by a greater price reducti@sriés|.w>1) decreases the utility of consumption-leisure
choice. The consumption growth is followed by tihgpcoportionally important reduction in leisure
time.

2. Willingnessto Overpay as | nsurance Premium

Usually, guarantees and insurance contracts inereath prices of purchases and price dispersion
and we can await that guarantees and insuranceactmtaise the equilibrium price reductioR/pS| that
equalizes marginal costs of search with its matdieaefit.

We can assume theie increase in the wage rate results not in the simple increasein the purchase
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price with respect to the increased income but in the increase in the insurance premium, accompanied by

the increase in price reduction. The consumer details his insurance policy andeases the insurance
premium with every increase in the wage rate. Gagumption is reallyillustrative because here the
consumer behaves like a homeowner who raises @sigedy the fence with any subsequent increase in
income. And more insurance policy is detailed, there efficient is the search, i.e., the greatethis
absolute value of the equilibrium price reduction.

The appearance of the saddle point in the utilitycfion gives an answer to the question what the
consumer should do in order to avoid the decreasdility. Obviously, he should decrease relativee
reduction i.e., to be... not more modest, but leslitimus with regard to purchase prices after thiowang
increase in the wage rate. We see that the decireétse willingness to overpay is really possitliée only
way to increase both consumption and real balaice®t to reduceabsolute overpayments (the value
OloP/oS|low is always positive) but to reducelative overpayments, or to make them less income elastic,
i.e., goris;v=0,9; 0,8; 0,7...etc., other words, to acceiptcomplete insurance and guarantees for items to
be bought.

However, this change represents the change in ddeihof behavior — from risk aversion to risk
seeking. Indeed, the prospect theory tells usfdwng the inevitable loss, here the decreaseiiityuthe
consumer should take risk (Kahneman and Tversk@ll®Hence, the utility function changes its shape a
becomes close to the cubic parabola (Fig.2).

v(w)

v(w)

-~

~

\
av/dw<0

®w Fm-——_—_—_———

w
Figure 2. Utility function under price dispersion

3. Unwillingnessto Overpay for Insurance asDriver of Risk Behavior

When we determine the second derivative of thetytilinction, we should keep in mind the
marginal utility of money incomé as well as theaunwillingness to overpay (1-espissiw) also represent
functions of two variables. We can omit labor-irgime intermediate calculations and present thergkco
derivative directly in its total form and in itsasticity form:

d’v _dA d(1- qap/ast)
aw? d_W( B %Plasl,w) +1 T aw

div A
AW = V_V - %P/BSLW)(e/l W te, ,pP/aS|e|aP/aS|,w + e(l—epP/aS| ,w),w) (9)

(8)

The form of the total second derivative is veryfuktor the step-by-step analysis of changes in the
model of behavior. The elasticity form, althoughk iise is limited by critical points, is helpful the
derivation of the relative measure of risk aversamd in following optional high-order derivation$ o
measures of prudence, which are omitted from teegmt analysis and left for analysts who are raichfo
work with relative values of the model. Thus, telative Arrow-Pratt measure takes the followingrior

n= _(e/l wT e/l,BP/OSﬁaP/aSLW + e(l—epp/aS|,w),w) (10)
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Although we get here the second order elastiditig iather simple to understand it. We can denote
the value {-gsris.w) @s thaunwillingness to overpay and consider its elasticity with respect to thgeveate.
When the increase in wage rate decreases the imgniiss to overpay, the second derivatit@dw? is
strictly negative. Moreover, while the unwillingrset® overpay is decreasingi(epriss|ww<0), the absolute
value of its elasticitygi-eprisiww IS increasing. And with the increase in absol#tkie of the elasticity of
the unwillingness to overpay the relative risk ai@n isincreasing, i.e., the share of risky assets, i.e.,
unsecured consumption, is decreasing. Of courseytiainly happens because the subsequent growtie in
wage rate and in the equilibrium value of priceuatbn always results in the increase in real ldan
which follow the optimal consumption path of thelinect utility function. It means that the totaaslicity of
the marginal utility of money is negative, @&,{ +€;,0ris|8ris|w) <0. The last assumption can be verified
by the following transformation with the help oktEquation (4):

Cw™ eA,pP/asﬁaP/ast =€t eA,pP/aS|epP/aS|,w + ea,pp/asq - e/l,lﬁP/OSl = (%P/asm -+ e/l,BP/68|) 11)

The price reduction elasticity of the marginal ititilof money is positive, o€, sriesP0, because it
simply states the growth in the marginal utility mbney with increase in price of purchase. Henlee, t
Equation (11) shows us that, whesssw<l, any increase in wage rate raises real balanakslesreases
the marginal utility of money because the totasetity of the marginal utility of money is negagivor €:,w
+e; opios| Qopres|w) <0.

The behavior of the utility function at this stagelescribed by the following expressions:

1-Qap/as|,w>0; 1 >0; d/l/dW<0; dQl.epp/as|_v\;,v\/dW<09 dZV/dWZ<<O (12)

Here the relative risk aversion is increasing beeahe consumer raises the overpayments or, in the
case of insurance, makes the latter more and neteélel. The homeowner begins with insurance fer th
house and he details it with furniture and pairginQnce there is no object to be insured exceptdifer
with cash And the consumer insures it by the following irage in the wage rate and he spends on the
coffer's insurance the total increase in incomes&ttion means that neither consumption nor cagh ik
the coffer are changed. The insurance policy besofu# or comprehensive. The elasticity of price
reduction becomes equal to or@rfsv=1), the unwillingness to overpay becomes equal t@ Ze;-
eprisiww =0), and, according to the Equation (5), the incregsnarginal utility of money expenditures
completely offsets the decreasing marginal utditynoney income:

€,w +€,, 0P| Qoples|w— € lopes|t €,w =0 (13)

This stationary point B also represents the detismde (Fig.2). If the consumer decides to re-iasur
his comprehensive insuranceasdss.w>1) for the given level of consumption, he will demse his real
balances. The utility function will go dowdv/dw<0). Thus, the only way to increase both consumpdiach
real balances is to accept incomplete insurancgyaachntees for items to be bought.

This decision results in the increase in the umghess to overpagt-eprisiww. However, when the
increase in the wage rate raises the unwillingriessverpay, the second derivatigBv/dw’ becomes
positive. The consumer begins to seek risk:

1-gopiosw>0; A >0; di/dw<0; dgi-eppiosww/dw>>0;dv/dw?>0  (14)

It happens because at the beginning of risk-seettingpositive &1-eppis)w.w>0) elasticity of the
unwillingness to overpay outweighs the total negaélasticity of the marginal utility of money, or
(e1,w +€1,10Pios| Gorias|w) + €-eppios.ww >0.

Here we need some comments on the relationshipeeetweal balances and overpayments. The
risk-seeking behavior means that the increaserniswuoption is not well secured. However, the instean
provided not only by insurance policy but also bglrbalances, which could represent phecautionary
savings. The risk-seeking model of behavior means thattth& of precautionary savings and insurance
policy is insufficient for the optimal level of ceamption. It happens because here the relativeaserin
real balances is followed by the relative decreéas®/erpayments. Real balances as the tool of gtioteof
consumption, i.e., of wealth, begindabstitute overpayments.
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Here we come to the question whether precautiosamngs and insurance are substitutes or
complements. In spite of some analytical solutioithis problem (Ehrlich and Becker (1972)), thigegtion
is still open in the general economic analysis. &oer, when this issue is studied, the attentiamsisally
paid to health and social insurance (Hubbard, Skiamd Zeldes (1995), Guariglia and Rossi (2004@ye
we can only assume the substitutability betweenapdralances and overpayments. The only reasohifor t
assumption is the response of relative overpaynteritse continuous decrease in the valug, ofe., in the
marginal utility of increasing real balances. Tleereomic sense of the decrease in the relative ayarpnts
with respect to the decrease in the marginal ytdit money, i.e., in the “price” of money, presuntbs
substitutability. In addition, the increase in tela overpayments with respect to the decreasehén t
marginal utility of money presumes that when thastmer is risk-averse, real balances and overpagmen
becomes complements from the standpoint of theegtion of wealth. In any way, the rather harmonic
assumption that precautionary savings and insuraree€omplements in the risk-aversion model ang the
are substitutes in the risk-seeking model needswamnare going to see it, more profound analysis.

The comeback from risk seeking to risk aversioarnbiguous. While the positive elasticity of the
unwillingness to overpagu-eprios.ww iS decreasing, once it certainly matches the twgghtive elasticity of
the marginal utility of money:

(&1,w €5, 0rios|Qopios|.w) T €u-epprasiww =0 (14)

The analysis of the second derivative of the wtiflitnction discovers two possible outcomes from
the risk neutrality. While the total elasticity thie marginal utility of money is always negatieg« +e;,jspis|
asriesw<0), the model of behavior depends here on the decisitether to continue to decrease relative
overpayments and to increase the unwillingness verpay Eai-epriosww>0), Or to increase relative
overpayments and to decrease the unwillingnessepay €-eprios.ww<0). The continuous increase in real
balances with the negative total elasticity of merginal utility of moneyé,w +e; jspias|Qarios|w<0) provides
the negative second derivatid&/dw/<0 for both outcomes. However, the increase in theillingness to
overpay, i.e., in the unwillingness to detail ireswre policy, results in the “steepestrtie from the risk
neutrality. We can verify this fact without labau® calculations of high-order derivatives but wstmple
back-on-the envelope sketch. The increase in thalingness to overpayei-epriss.ww>0) simply states the
fact that the consumer relies more on precautiosamngs than on insurance and he increases the sha
risky assets, i.e., the share of uninsured comiegddr, more precisely, thahare of commodities with
incomplete insurance and guarantees. Hence, his relative risk aversion becomes deitrga®n the other
hand, if he chooses the extension of insuranceypoli the decrease in the unwillingness to overpay,
increases his risk aversion. The option to decrélaseunwillingness to overpay and to detail insoean
policies €u-eprios;ww<0) results in the flat transformation of the uilitcurve. And with the increasing
relative risk aversion the consumer comes agathd@mext saddle point with the unit elasticity lo€ tprice
reductiongeeisw=1 that represents the next decision node (Fig.3):

v(w)!

Ceppiosiw) >0 __ M

C-epP/oS|w) < 0

S
>

W

Figure 3. Decreasing vs. increasing relative risk aversion

The path of the decreasing relative risk avers®rmbore intriguing. There, the consumer can
continue to decrease relative overpayments urgiltftoment when the value of price reduct|{oR/0S|
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becomes definitely constant. At this moment theteldy of the unwillingness to pagu-epriosi.ww as well as
the elasticity of price reductiogess|.wbecomes equal to zero, and the derivatives ofititiey function gets
its “true” values, omv/dw=l and dAv/dw=dA/dw, i.e., the marginal utility of income becomes uslgstic.
Evidently, the marginal utility of moneyis equal here to the opportunity costs of holdiaghc However,
while the value of price reductio@P/0S|doesn’t affect here the marginal utility of moneydynamics
because its elasticity is equal to zero, it doedisappear at all and continues to bother the coasiby its
constant value. Here this residual consf@foS|value can represent the prolongation of the insigan
policy for the coffer, leaving all other wealth ecsred.

The insurance for the coffer simply substitutes tlosts of illiquidity in the model of the
precautionary demand for cash (Whalen 1966, p.3l&)s, the “true” value of money is decreased lgy th
costs of guarding the cash. This assumption casretpto M.Friedman’s reasoning on the optimum gtyant
of money:

“The amount held will, at the margin, reduce uyilt because of concern about the safety of the
cash, perhaps, or because of pecuniary costs ohgtand guarding the cash.” (Friedman 2005 [1969],
p.18).

Indeed, if the consumer follows this path once did@d come to the point M of the optimum quantity
of money. The volume of precautionary saving wigspect to consumption becomes so important that it
protects the wealth against any disaster. Howefstre marginal utility of the optimum quantity afioney
equals to zero, the consumer doesn’t need to iflsure

These considerations raises the question why tmsuoeer cannot change the manner of risk
aversion and get the “true” value of money at lewels of income, i.e., why the shift from the irasig to
the decreasing risk aversion cannot take placanavlues of relative overpaymemss|.w<<1. Moreover,
it seems that in this case the consumer could asaridle points and he could reproduce the exatvapof
the Friedman-Savage’s utility function (Friedmard &8avage 1948). However, in this case high valtdies o
the marginal utility of real balances of low-incotesels could hardly be offset by the marginal dase in
the unwillingness to overpay and the consumer wiine to the saddle point where he will meet
“catastrophic” consequences of both imprudencecard prudence.

4. Economic and Mathematical Catastrophes: Veblen Effect and Family Altruism

When G.Becker issued his famous rationalizatiofaofily altruism, he stressed the importance of
the role of security:

Therefore, altruism helps families insure their rbens against disasters and other consequences of
uncertainty: each member of an altruistic familypartly insured because all other members are ieduo
bear some of the burden through changes in cortdbs from the altruist (Becker 1981, pp.3-4).

Hence, the family altruism can be introduced inm@del as an additional insurance. There are two
possible outcomes for this extra insurance fronstdle point.

We can reproduce the decrease in the individuéityutunction of the head of the family when
relative overpayments really become disproportertat his individual security, o8sees.w>1. The extra
insurance is provided by the decrease in real baka@i/ow>0). However, the following set of equations
demonstrates that the decrease in utiby/dw<0) is accompanied there not by the risk-seeking iehaut
by risk-aversion@v/ow’<0). The utility function takes the form of parabola:

1-Qap/as|,w>0; 1 >0; d/l/dW>0; dQl.epp/as|_v\;,v\/dW<<0 9d2V/dW2<O (15)

Here we could wait for the moment when money baarttecome equal to zero and the family
changes her model of behavior. Unfortunately, amdabsence of budget constraints the family coutdolo
In this case the marginal utility of money incomleecomes negative. However, when the marginatyutf
money incomé becomes negative the head of the family ic@nease his utility if he continues to increase
overpaymentsikO; (1-espisw <0;dv/dw>0).

Here the head of the family reproduces the Veblece The previous analysis discovered the
correspondence between negative marginal utilitsnohey and the extra overpayments (Malakhov 2013)
This is the first “pitfall” the stationary point Brepares for imprudent consumers. Moreover, from th
individual point of view the Veblen-effect-like leiag of the saddle point looks more positive thhe t
increase in the unwillingness to overpay. This wap provide more utility until the moment when real
balances will be exhausted or the borrowing willdi@sed and the comeback either to risk aversioto or

T If the attribute of the negative marginal utilityraoney represents a subjective value, the Velffestedecision could be estimeed from the
external satisficing point of view as the decisibat decreases the utility.
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risk-seeking behavior will take place (Fig.4). bhd#@ion, only here we can definitely talk abooéximizing
behavior. Indeed, if the aspiration level motivaiies consumer to get from the search more than frem
labor, i.e., to get marginal savings on purchaseatgr than the wage rate, the consumer immeditatiédyvs
the Veblen effect (Malakhov 2013):

v(w)

Risk-seeking

@ Fm———————

w
Figure 4. The option of Veblen effect in risk-seeking behavio

The equilibrium at the saddle point B is unstaflee consumer can take either maximizing or
satisficing decision. The maximizing decision résuh the Veblen effect and the satisficing decisio
produces the ordinary risk seeking behavior. Howeabhe maximizing decision is the decision to pasda
“bad” item with negative marginal utility due to ethvalue Ai<0. The rules of the optimization of
consumption-leisure choice stop working, the camstrline takes the north-east direction, and tioedase
in utility happens only due to an important inceds leisure time that increases the purchase pnice
compensates the consumption of “bad” item. It yeakhppens when imprudent young family considers
holidays on the seaside or in mountains to be aital parents agree to sponsor vacations for grddosn
Hélas,in the search model of behavior even skiing migddome “bad”.

The occurrence of Veblen effect with regard to phevious reasoning on the optimum quantity of
money tells us that Veblen effect can take placathier modest levels of income where consumpsdari
from satiation. However, although this scenario e place, it does not seem well compatible whth
description of the individual utility function with the family. There is another possibility to presfamily
altruism. We can pretend the head of the familpdanore “economic man” and to separate altruisnmfro
the individual utility function. If we take the flr of giving as the share of the individual wage rate, we get
the following utility functionv®(w)=v(w)-gw. However, there we automatically get the othetfafif or the
mathematical “fold’-type catastrophe due to thesexice of the saddle point B and to its unstable
equilibrium in the original utility function (Fig)5

vE(w);

ave/dw e

avé / aw

w

A B C D
Figureb5. "Fold” catastrophe of family altruism
In this case the decrease in the utility functitarts at point A when the consumer, the head of the
family, is still risk averse and he continues toke@rotection of his wealth by the increasing tealhnces
and by increasing overpayments. The continuousas® in overpayments discovers the unwillingness of
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the head of the family to economize. Here, the Wiendooks like “pure” altruism. However, once thead

of the family changes the model of his behavior badegins to make risky decisions. It happeniat [B
when he passes the saddle point of the origindityufunction with the unit elastic price reduction
(eeriesv=1). The following increasing unwillingness to oveymgives an idea that the nature of his altruism
has been changed. The head of the family becomes fpoagmatic”. Although his altruism does not
exhausted, his purchase decisions become more mirudleey begin to look like investments. The
investments in family reach its peak at point hally, the head of the family begins to feel agtia
increase in his utility function and at point D i@ longer suffers from his altruism, or he finaiigts returns
on investments:

“Altruistic parents might not have more childrerath selfish parents, but they invest more in the
human capital or quality of children because thiditytof altruistic parents is raised by investmesturns
that accrue to their children.” (Becker 1981, p.12)

Indeed, the movement of the utility curve from gofnto point D reminds the parental behavior
from the birth of a child till the go-out of a yagirman from the nest. At the beginning parents do no
economize on purchases for babies. They are tigirfy everything of high quality and with guarasge
Once, at point B, these purchases take the forimvestments, which even in prudent manner leadinotp
C in the bottom due to their importance. Howevée earlier decision at point B to reduce relative
overpayments continues to work and finally it pulig the head of the family from the “pitfalf’.

5. Interest rate and willingnessto overpay for consumer credit

The common question addressed to the model preséiere why it doesn't follow the original
G.Stigler’'s presentation of the equality of margiveues of search with respect to the intered. raideed,
the core equation of the model could be presemtdiaat manner:

i Xwa—L =Qa—P (16)
0S 0S

However, even G.Stigler agreed, that interest nadele ‘expected reduction in price...be smaller
than the smallest unit of curreric{Stigler 1961, p.219). While the dynamics of teatisficing decision
procedure is short, the model assumes that consumserlly ignore interest rate during the searfcthd
satisficing consumer doesn't calculate marginalueal of search, why he should compute decimals of
interest rate and of probabilities?

However, the methodological concern about inter&tst can be gratified if we envisage the risk of
delay of consumption, i.e., the risk of unexpeaisd in prices, and explain overpaymentpagnents for
consumer credit. Other words, interest rate increases price disperas well as marginal savings on
purchase. The greater is an item under consumeit,ditee greater are the marginal savings on thistpase.

In this case the comprehensive insurance is tramsfib into the comprehensive consumer credit and the
extra comprehensive insuraneedss.w>1) is transformed into the refinancing of existirepd

When the consumer buys an item agagosting increase in the wage rate it means that the value
asriesiw=1 also is coming. This consideration with respectdasumer credit tells us that saddle point with
its risk neutrality is more common economic phenomenon than it was Been the point of view of
insurance. People hold cash for everyday expensesewthe cash represents the residual of interest
payments. And abges.w=1 level the total increase in income is going toafioe the debt. Neither
consumption nor real balances are changed. Aftgr ifhthe consumer wants to buy another big-tidtesh
he should either refinance current debt or seanchitem more intensively in order to decreasetinada
overpayments, i.e., to find more beneficial crdditthe new purchase. The first way decreases fility u
and the second way increases risk of unexpectedirigrices during the search.

We remember that while the positive elasticity bé tunwillingness to overpag-eppisiww IS
decreasing, once it certainly matches the totahtieg elasticity of the marginal utility of moneydthe
second derivative of the utility function becomegi@ to zero, od?v/dw’=0. The following increase in the
wage rate again gives a chance to expand consuewit by the increase in relative overpaymentsirfeac
price uncertainty, the consumer chooses this wath@fincreasing relative risk aversion. But we adie

*When G.Becker cited King Lear’s Fool in order Hlastrate the Rotten Kid Theorem by the parentdiinvgness to delay contributions until last
stage of life he did not take into account the ity of saddle points in the parental utilityrfation. We have seen that if the consumer contitmes
increase overpayments without change in the madbEbavior at the saddle point his utility goes dowfinitely. Once upon a time King Lear
simply missed that point. And from the literatur@nt of view it would be better here to remembehrthgnan-father, who contributed to his son
only quinze écushis horse, and some parental advices.
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know that real balances at this moment can alse@reonsumption. If the consumer chooses the dsitrg
relative risk aversion path, once overpayments imecdefinitely constant. Here, the constii/oS| value

of consumer credit could mean that products aneeteld every day by a boy from the neighboring grgc
store and once a month the consumer signs a chdbk grocer like he renews the insurance policytHe

coffer every year.

The constant |0P/0S| value and the constant place of purchase mean that the consumer is satiated
by items that could be bought in other places, i.e., by items that could produce another marginal savings
on purchase.

In addition, the consumer also can get the optingquantity of money but he should decrease for
that liquidity costs to the zero level, for exampt give to the grocer a right to debit his cutraacount.
With that the consumer reproduces the optimal jutém@ary model of money holdings — credit is notdis
liquidity costs are zero, and the marginal utibfymoney also equals to zero (Fenestra 1986, . 283

However, this theoretical assumption is reallysiiative. There are more realistic paths and bbth o
them are well known to us because they represatastrophic” solutions. Coming to very low valudéshe
marginal utility of money, either the consumer baysextraordinary item and, therefore, increasedithe
of leisure to consume it or he starts the praaticeharity that might take a form of the sponsqustar
venture investments.

6. Conclusion

The analysis of consumer behavior presented inpjer discovers the methodological power of
relative values, which are produced by the procdssearch. The consumer’s search for beneficialepri
reduction can be interpreted as the search foictEsfuin insurance or in interest payments.

The motivation to reduce time of search and todase quality in consumption after the increase in
the wage rate inevitably leads a consumer to tHdlsgoint of the utility function. And the equitibm in
the saddle point is unstable. The consumer caowathaximizing path where he produces the Veblegceff
or he can follow common satisficing path where heutd take risk. However, even the satisficing path
comes to the economic catastrophe of the decreastlity if consumer takes into account the factdr
giving or family altruism.

The model also provides a graphical difference betwincreasing and decreasing relative risk
aversion. The increasing relative risk aversiorhpatuld come to the new saddle point of comprekensi
insurance or complete consumer credit and the dsioig relative risk aversion could come to theropth
guantity of money.

In addition, this approach can revive the discussio the optimum quantity of money with an
interesting argument. Indeed, when overpaymentsrbeconstant they could represent not direct istere
payments but some fixed expenditures the consumes fo the government to finance the interest paysne
on money (Bewley 1983, Mehrling 1995).

The question of the limp-sum taxation leads to uhderstanding that the model presented here
could be useful in the analysis of the optimal texa If we substitute in the individual utility fiction the
factor of giving by income tax we also get the &fbtype catastrophe. However, if one tries to gdhfer
and to explain overpayments by VAT or excise tde toming trade-off between income taxes and
overpayments should be examined with prudence.
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In various surveys, presence of measurement elasded to misleading results in
estimation of various population parameters. Thisdg indicates the effects of
measurement errors on estimates of population ttal population variance when
samples are drawn using systematic sampling tecierfiegm a stratified population.
A finite population was generated through simulati@he population was then
stratified into four strata followed by generatiofiten samples in each of them using
systematic sampling technique. In each stratunmapéawas picked at random. The
findings of this work indicated that systematicoesr affected the accuracy of the
estimates by overestimating both the populatioal tathd the population variance.
Random errors only added variability to the datd their effect on the estimates of
the population total and population variance was that profound.

Keywords: Measurement errors, Systematic Errors, Stratifiedpydation,
Population Total and Population Variance

JEL Classification: P42, R23

1. Introduction

The ultimate goal of each survey is to obtain infation about the population under study. The theory
of sample survey as developed during the past akedecades provides us with various kinds of sifient
tools for drawing samples and making valid infeeeabout the population parameters of interest. Aliog
to Koninj (1973), in measurement of physical qusegithe personnel and devices that we have tonase
not give as precise measurements as the bestldeaildeasurement errors cannot be completely etitaih
but minimized to an extent which their effects anvey results are not that profound. Basic contiiins to
the methodology of measurement error models werengby Mahalanobis (1946), Hansen (1946) and
Sukhatme and Seth (1952) have examined the quedtrmm sampling errors in census and survey wodk a
they have furnished mathematical models for suobr&rThe objective of this study was to investgdie
effects of measurement errors on the estimatesmilption total and population variance when sample
drawn from a stratified population using systemaampling technique. The contribution of this stislyo
establish more weight as to why systematic erfoosisl be minimized if at all valid results are dbtained.
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2. Systematic sampling

This is a sample selection technique in which semmmbers are selected from a given population
according to a random starting point and a fixedoge interval. Systematic sampling is still thanigpf as
being random, as long as the periodic intervakignined beforehand and the starting point isoandA
common way of selecting members into the samplegusystematic sampling is simply by dividing th&ato
number of units in the population by the desirednber of units for the sample. The result of the
division serves as the marker for selecting sampits from within the given population. Systematenpling
is to be applied only when the given populatiologgcally homogeneous because systematic samptie anai
uniformly distributed over the population. In sogases systematic sampling is preferred since éesisrthe
sample more evenly over the population and easieoriduct.

Table 1. Composition of the k systematic samples.

Sample no. 1 2 [ K
% Y Y, v,
yk+1 yk+2 "' yk+i y2k
y(n—l) k+1 y(n_l) K+2 e y(n—l) (i3 . ynk

Means - - .. - . -
yl yz yi yk

2.1. Stratified Systematic sampling.

This is whereby the finite population under studydivided into relatively homogeneous groups
referred to as strata and then systematic samglicgrried out in each stratum to generate samples.

Notations:
N, - Total number of units in stratumwhere {h =1, 2, ..., H}

n,- Number of units in a sample drawn from stratum
M. - The true value of th&" unit in stratunh,

Y, - is the observed value of the" in stratumh.
Note thatN = N, + N, +........ + N,

3. Sampling design

In the theory of finite population sampling, a sdimgp design specifies for every possible sample its
probability of being drawn. It is convenient to kaspecial notation for this probability which inglcase will
be P(s).

In other words we assume there is a function Buch that P(s) gives the probability of selecting
specified samples under the scheme in use. Th&darte (.) will be referred to as sampling design.

4. The Simple M easurement M odel

In this case we would like to formulate a statedtimodel for measurements made on elements of a
sample from a finite population. Consider a firptgpulation U = {1..., k,..., N}t is assumed that for each

elemenk JU |, there exists a true valyg_and that the objective is to estimate the popurattal of these

true values,
tﬂ = E M,
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A samples of size n, is selected fron by a given probability sampling desigr(.) . The idea is to
obtain the true valugy, for each elemedtl] s, but what we actually obtain through the measurgme
procedure are the observed valugsfor K[J S.The observedy, is composed of the true valye, and a
random error or both random error and systematar ef, — /4, . For lack of better valuesy, is used in the

estimation. For a given sampte the random variablesyk(kD S) are assumed to have a certain joint

probability distribution (conditional on s), calladmeasurement model denotediyn this case we consider
our survey as a two stage process whereby thestage involves the sample selection, which resalts
selected sample and the second stage involves the measurementéduna; which generates an observed

value y, for eactk[]S. When evaluating expectations and variances \etpect to the two stages jointly,
the conditional argument is useful. As for the ested values,

Em()=E,[ E.(-/9]
Where Em(./ S) denotes conditional expectation with respect o riileasurement modsi, for a

given samples, E,(.)denotes expectation with respect to the samplegaedi) and E,, (.) denotes

expectation with respect to sampling design andsoreanent model jointly.
Similarly, for the joint variance, called tipen-varianceor thetotal variance we have

Vo) = B[ V(-7 9]+ V| E{./ $]
Where V,,(./ s)denotes conditional variance with respect to thelehan, givens, V, (.) denotes

variance with respect t&(.) andV,,,(.) denotes variance with respect®{.) andmjointly.

We specify further the modeh. For elemenk and| belonging to the same samgethe first and second
moments are
H = Em(yk/ S)
O-If :Vm(yk/ S)

And g, =C. (Vi ¥/ 9

5. Measurement errors.

Measurement is the basis of any scientific studym&asurements are, however, approximate values
(not true values) within the limitation of measugridevice, measuring environment, process of measne
and human error. Several measurements of the saaliéycpn the same subject will not in general he t
same.

Measurement errors refer to errors in survey respoarising from the method of data collection, the
respondent or the questionnaire. They include therein a survey response as a result of respasden
confusion, ignorance, carelessness, or dishon#stygrrors attributable to the interviewer, perhapsa
consequence of the poor or inadequate trainingy prpectations regarding respondents’ responsé le¢se
measurement errors end up causing a considerdiglet @n survey estimates. These errors are broadly
classified in two categories which are systematiore and random errors

Systematic errors are biases in measurement whadh to the situation where the mean of many
separate measurements differs significantly froenaittual value of the measured attribute. All messents
are prone to systematic errors, often of sevefdrdint types. The errors of this category are attarized by
deviation in one direction from the true value. t8ysatic errors may result from; Usage of faultytrimsent,
Usage of faulty measuring process and Personal Giesrly this type of error cannot be minimized by
repeated measurements. Systematic errors candtetefd to either overestimation or underestimatib
the desired population parameters.

Random errors are errors in measurement that eadetisurable values being inconsistent when
repeated measures of a constant attribute or dquané taken. Random errors unlike systematic s not
unidirectional i.e. some measurements are highdlewdome are lower than the true value. Another
distinguishing aspect of random errors is thas ot biased. It is normally present because ofittigation
of the instrument in hand and the limitation of gheet of the human ability. No human being can atp&
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action in exactly the same manner. Hence it idylikleat the same person reports different valugh thie
same instrument, which measures quality correttiys error is caused by any factor that randomigca
the sample. Random errors add variability to thta tat do not affect the average performance ®gtioup.
This is why at times it is regarded as ‘noise’.

5.1.Mathematical model for measurement errors.
According to Cochran (1977), we assume a large eundd independent repetitions of the

measurement on tfih unit are possible. Ley,, be the value obtained in " repetition.
Then Y, =H+e,
Where M = true value

€,= measurement error

Where the expectation gfis zero and variance i 3

E[e,]=0

Var[g,] =0
Therefore,

[V /1]=4

V[y, /=0

6. Inclusion probability in a stratified population

Suppose we have a stratified population contaikimgimber of strata. If we take one stratum denoted
by h, our indicator variable becomes,

1 if the KM unit is included in the sample from stuat h

| (S) =

0 otherwise

Our first order inclusion probability is denoted Iy, which denotes the probability that elem&nt
from stratumh is included into the sample. In the case of syatensampling, because each elemdmlongs
to one of the'a, ' equally probable systematic samples in stratum(Where a,, is the sampling interval in
stratumh.)

1
a,

The second order inclusion probability is denotgd7h,, which refers to the probability that both

elementsk and ‘1" from stratumh are included into the sample. Under systematigagin straturmh

-

Ty =

3 if k and | from stratum h are in same systematic mgde

Tl = 9

0 otherwise

.

The expectation and variance 6f, (S) are obtained as follows,
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E[l.(9)] =,
V[, (9] =m, (17

Covariance
covll,l,1=m, —mJt,

Since in stratum h our sampling intervalas we will have a,, systematic samples in the stratum
indicated bys, wherer =1,2,...a,

7. Horvitz Thompson estimator in a Stratified Population

According to Horvitz and Thompson (1952), the eatwn of the population total is given by

tir =3 Yo

h=1 k=1 Tk
Its variance is given by,

V(e 23S 1)+ 3 I,

et k=1 7 &y

According to Sarndal1992) there is no unbiased estimator of the vadaof estimated population
total when a sample is generated using systematipling technique. A precise estimator below was th
chosen

n . .
Where f, = —" represents the sampling fraction
TN p pling
h

8. TheMean SquareError (MSE)

The mean square error (MSE) of an estimator isainbe many ways to quantify the difference
between values implied by an estimator and thevalges of the quantity being estimated. The diffiee
occurs because of randomness or because the estdoats not account for information that could prela
more accurate estimate. In order to compare a dieseémate with unbiased estimate or two estimthiats
have different amounts of bias, a useful critergothe ‘mean square error’ of the estimate measiuoad the
population value that is being estimated. Formally,

s o] - 4 ]
=E(,Luz—mj2+2(m—,u) E(ILDI— rra+( mp)’°

=(Variance of E)+( biag”
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The cross product term varnishes sichef,_ m) = 0. The use of the MSE as a criterion of the

accuracy of an estimate amounts to regarding ttwmates that have the same MSE as equivalent.i3 hist
strictly correct because the frequency distribuﬁbarrors(f,_ ﬂj of different sizes will not be the same for

the two estimates if they have different amountsia$.
9. Total variance of the estimator of the population total in absence of systematicerrors

The total variance in the absence of systematar®is obtained as follows. Since our population is
stratified our measurement modelyis, = /1, + €.,

Em(yhkls):iuhk ks
Vo (V! 8) =0 kO s
Cov, (Y W/ 9= 00 K D

Where
The total variance is given by

s ey

Where

1ide

h=1 k=1 k ElkDs, ki k1 7/l

h=1 k=1 ﬂf]k 1k Os,4 k1 k1 nhk”hl

m
T M=
M;

i h=L k=L 74
(H ™
=V, | Yy A
==y
H Ny 7T, 7T,
ORI 3393 3 il PN
h=1 k=1 7h FlkDs, klkl  THJE,

Therefore the total variance in absence of systeraatrs is given by

1| S35 S 35 Sy S 3 S,

htkel 7Tk FikDsy k1 kel 7070 “F k17l hikls %1k THJL,
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By replacing both first and second order inclugpoobabilities Withi the variance becomes

u] H N, H 3 NN H N H 20 NN
AOMTD N HITEIHICELE ) 3% 21 CE1F
A k=l FlkOs, FLEI Flkl hlKlg k1% |

10. The mathematical model for measurement of errorsin stratified population

Since our population is stratified, the model beesm
Yok = Mt €
M., - represents the true value of unit k in stratum h
&, - represents the measurement error term of uniskatum h

OEn( Y/ 9= Butptne KD s
Whereb,, refers to the bias term
V. (V! ) =07 kO <

The covariance betwedd" and 1™ unit is

Cov, (W W/ k 10 9= I{ Yo~ & ?(k)][ - E M)]

= E(ehk B bn()( & QI)

= COV( & ‘ﬁl)

O COVm( Yoo Y/ K 10 9 = Oy
11. Decomposition of the mean squareerror.

In this case we will consider the Horvitz Thompsstimator and the effect of measurement errors on
its accuracy. We will decompose the mean squag erto components, assuming that the measurements

O
obey the simple measurement model ‘m’ as stateard&eThe mean square error ofyr can be written as
the sum of the total variance and squared bias.

v, i) ) 1]

2
0 0 0
The total variance is given by me(tmj = Epm{tm— Ep,,( tmﬂ

O O
The bias is given by Bpm(tHTj - Epm( tHTj_ t/j

This is called the measurement bias, which aridesnvexpected measurement values on elements do
not agree with true values. Variance term can loerdposed as follows

i) o] bor o 3] w0
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The first componenV, is referred to as the sampling variance whictei® an the case of complete

enumeration whereas the second compon¥htis referred to as the measurement variance. Theitzlo
Thompson estimator for the population total in tase will be

tr =3 e

h=1 k=1 7Ty
But,
0 _ H nh yhk
Eon| tvr [ZE | E [ DD 2k
L h=1 k=1 ﬂhk
H n, g
:Ep Zzij where Qe = U+ kﬂk
h=1 k=1 7thK
H N
_ g
_; iEp[lhk]

H
=> > G since E[ =7,
h=1 k=1
H N H N
= z M t Z Z Bk
h=1 k=1 h=1 k=1

From the decomposition of the variance term, weeNg\& V, where

woufefio)] wefu(e]

EH —Vg ﬁk 3 Ohk 9ni
- ]+ 2 cov(l I
R L] h=1 k IO, k=1 ;| Ty Ty, (1)

But V[l |=m(1-m,) and  cov( l,l,)=(7w— 7Ty

H N, gz H Np Ny g. O
0V, =23 27, (1-7,) + Z 3 (7 = T
h=1 k=1 /{pk h=1k,0s4 k1 k17K hl
H Ny o2 H o S T, — TT JT
S ITTERES J 3 3y Ui LIRS
h=1 k=1 7T FlkDs, kil k!  Th 7T,

but g, =ty * by and =Myt B
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V=SSO eSS SR TR ()

bt ket Thy FlkDs, k1l k!  TH 7L,

_ i & (1-73,)

h=1 k=1 k

H S N Ny —
(lufk+2:uhkbhk+ bik) +Z Z ZZM(MMLIN +u, 0+ 0t an)

hlkis, k1 kel TR JT

MM

V1=ZH: > Mﬂﬁﬁz Z % (”hkl_ﬂhk”hl)

H N (1_ T ) H Sap, N, Ny (7T - 7T IT )
+ hk Jp2 hkl hkni)py
;1 o1 T, e hzzlklﬂsl kzlzk:f;l T TT, e
H Ny (1_ T ) H San N Nj (ﬂ T, JT )
‘9 hk b+ hkl hk’¢ hi b
hz;l ,Z‘l Tl e hzz:l k.08 ;1 k# | Tlo Ty e

Thus the total variance in presence of measurearens is
g O O
me(tHTj ZV{ Em( tur/ S)} + Ep|: Vﬂ( tir/ %} — Vl + V2

ket 7y rikDsy k1 k1 75JTy

H N (1- & /e 7RI
+ZZ( ﬂﬂ%k) ESIDIDD) :¥H«ﬂm
er 7T FikOs, k1 k1 THJG
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+ZZ(1 7%() +Z Z %Z%m 57T b, b,

h=l k=L FlkDsy, k1l k!l Th7T
d AR 7T, 7T,
+2 ZZ( ) %kbnk +Z Z szm hk” ‘hi IL41kan
h=l k=1 FlkOsy kel kel ThJL,

Under systematic sampling in populations with dtcation as previously obtained the inclusion
probabilities are:

m =L
hk ah

1 if k and | from stratum h are in same systematic sample
a,

T =

0 if k and | from stratum h are in different systetita samples

\

We then substitute these probabilities in

vpm(?m):vp[em(mtm/ sﬂ+ Ep{ VN(D'HT/ ﬂ

Ny,
Z O-hklnhkl
kel Kk

h=1 k=1 7l 1kDOs, 1 7Tl /T,
H Ny (1 T ) H Thyg — Ty JT
+ZZ p hk /Jhk +Z ZZ g —— U My
h=1 k=1 " hlkDsy k1l hk/Lhi
Hod (1-70) 0 & & &y 7T, — 7T, 7T,
+ZZ |: Z Z hkl hk”*“hl bnkh'll
h=1 k=1 Tl h=1 k. I0s., k=1 k=l Tl 7T},
Ho Ny (1-77 He G0 Mo Noyr —7 7T
+2 Z hk)luhkbhk+z Z ZZ hkl T ~ Thh
b kel 7T el kDs, kel kel ThyJT,

We then replace both the first and second ordémsian probabilities withl to obtain

a,

129



Ouko, A., Kipkoech, C.W., and Kirimi, E., 2014. Efts of Measurement Errors on Population Estinfabes Samples Generated from a Stratified
Population through Systematic Sampling Technifixpert Journal of Economic&(3), pp. 120-132

A

h
1 k,Ds, ke

Vot |23 TS 5 S
[ } Lﬂ =

=) sl
H N, Np Ny
DRI LLININS 3 103 ST
h=1 k=1 _— h=1k, 055 k1 k| — =
a, q 4

This then simplifies to
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2.2 (@ -+ > > > (8- hh,
h=1 k=1 Lk Ds,y kel k|
H N Np Ny
+2| > > (& )ﬂhkbhk+Z Z D> (&, —1) by
h=1 k=1 Lk Ds,y kel k|

12. Simulation of afinite population

Visual basic programming language along with Miofosaccess were used to generate a finite
population of size N=1000. A population was simedatontaining true values ranging from 20 to 9Qusive.
The true values had a normal distribution with amef 55 and a variance of 100. The population tivas
subdivided into four strata. This was done by finsanging all the population units in ascendingeor The
first 300 units were selected to constitute thetfstratum and the following 250 units were sekbdte
constitute the second stratum. The third and fostthta were also selected to contain 250 and 2@8 u
respectively. A sampling interval of 10 was useeath stratum resulting to 10 systematic samplesn
stratum. In each stratum a sample was selectathddm. In this case an assumption was made thahsysc

error b, is proportional to the true valdg, = dg,,
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13. Results

Table 2. Estimated population total subjected to systen®tiors with proportions of size'd’

PARAMETER: POPULATION TOTAL AND POPULATION VARIANCE
TRUE
VALUES ESTIMATESWITH
SYSTEMATIC ERROR
d=0.05 d=0.10 d=0.15 d=0.20 d=0.25 d=0.30

1 13320 14215 14881 15547 16213 16879 17545

2 13350 14030.5 14698 15365.b 1603B 16700.5 3687

3 15050 16034.5 16787 17539.b 1829p 19044.5 7979
STRATUM 4 13840 14369 15061 15723 16445 17137 17829
Estimated pop Total 55560 58649 61427 64205 66983 69761 72539
population Total 55000 57865.3 60615.3 63365.3 66115.3 68865.3 7361p
Variance of 1343800 2462003 2620951 2786619 2959005 3138111 39332
estimator of
population Total
Estimate of the 99688.7 188425 199168 21041¢ 222151 234390 2471R7
Variance of pop
Total

3500000

3000000

2500000

lance

2000000

1500000

population var

1000000

500000

0

=@ population variance in
absence of

measurement errors

== population variance in

presence of systematic
errors

——
¢ ¢ ¢
0.05 0.15 0.2 0.25 0.3

proportion of systematic error to true values

14. Concl

Figure 1. Effects of systematic errors on variance of estatigtopulation total

usion

The table 2 and figure 1 indicated that there waaerease in population total and population varéa
with increase in systematic error. The findingshaf study indicated that systematic errors hadjaifsgiant
impact on the accuracy of the estimates of bothujation total and population variance.

15. References

Cochran, W.G., 197Bampling technique§® Edition, John Willey and Sons, New York.

Hansen, M. H., and Hurwitz, W. N., 1946. The prablef non-response in sample surveysurnal of the
American Statistical AssociatipAl, pp.517-529

Horvitz D. G. and Thompson D. J, 1952 Generalization of sampling without replacememtnira finite
universe Journal of the American Statistical Associatidii(260), pp.663-685

131



Ouko, A., Kipkoech, C.W., and Kirimi, E., 2014. Efts of Measurement Errors on Population Estinfabes Samples Generated from a Stratified
Population through Systematic Sampling Technifixpert Journal of Economic&(3), pp. 120-132

Koninj H.S., 1973.Statistical theory of sample survey design andlyamma North Holland Publishing
Company, Amsterdam.
Mahalanobis, P.C., 1946. Recent experiments irstta sampling in the Indian statistical insteulournal

of the Royal Statistical Societ§25-370.
Sarndal, C.E., Swensson, B., and Wretman, J., 1d6del assisted survey samplifgew York, Springer

Verlag.
Suhkatme, P.V., and Seth, G.R., 1952. Non-sampdimgrs in surveysJournal of Indian Society of

Agricultural Statistics5-41.

Creative Commons Attribution 4.0 Inter national License.
BY CCBY

132



Expert Journals

Currently, Expert Journals represents four open access journals: Expert Journal of Business and Management, Expert Journal of
Economics, Expert Journal of Finance and Expert Journal of Marketing.

Expert Journals is committed to publishing papers that are thought-provoking and exploratory in order to make contributions to
each field of study.

These journals deliver original, peer-reviewed papers from international authors meant to provide new theoretical and empirical
frameworks and ideas in their respective fields. The research articles in all the journals are available in full-text and free of charge
to our web visitors.

High-Quality Manuscripts. Manuscripts submitted to Expert Journals can present empirical, conceptual and review papers, teaching
notes, case studies, book reviews that provide relevant insights in banking and finance. The submitted articles should exhibit
relevancy, value, originality, clear argumentation, reasoning, persuasive evidence, intelligent analysis, and clear writing. Also, we
highly recommend that authors concur to generally accepted publication ethics in developing their articles.

All online journals for Expert Journals are open access, meaning that the accepted articles are available for any reader to access
and download for free.

Copyright © 2014 Sprint Investify * ISSN-L 2359-7704 « Online ISSN 2359-7704
http://economics.expertjournals.com
economics@expertjournals.com



SN 2359-7704 EXPERT JOURNALS

Online ISSN 2359-7704 Economics J Business and Management




